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Abstract. A triadic c ontext consists of sets of formal ob jects, formal

attributes, and formal conditions together with the formalization of the

ternary relation sa ying when an ob ject has an attribute under a certain

condition. The mo dal understanding of necessit y and p ossiblit y o ccurs

naturally in triadic con texts, esp ecially when the dy adic relationships

b et w een formal ob jects and attributes are considered: a formal ob ject

g has \ne c essarily " a formal attribute m if g has m under all formal

conditions of the con text; g has \p ossibly " m if g has m under some

formal condition. Suc h necessit y and p ossibili t y relations giv e rise to

dy adic con texts allo wing a mo dal analysis of triadic data con texts. Ho w

this analysis can b e approac hed is sho wn b y examples. Theoretically , w e

p oin t out ho w a \Mo dal A ttribute L o gic " ma y b e dev elop ed.

Con ten ts

1. Conditional Mo dalit y

2. Necessit y and P ossibilit y in T riadic Con texts

3. Mo dal A ttribute Logic

1 Conditional Mo dalit y

The mo dal understanding of prop ositions has b een seman tically based on the no-

tion of \p ossible worlds ". The basic idea of mo dal seman tics is that a prop osition

is \ne c essarily true " if it is true in all (accessible) p ossible w orlds, and \p ossibly

true " if it is true in some (accessible) p ossible w orld (cf. [HC90]). Criticisms of

this seman tical foundation question the on tological status of the p ossible w orlds:

Are they real or �ctitious? (cf. [Re95 ], [So98 ]) Instead of going deep er in that

general question, w e consider in this pap er the more sp ecial case of states of

a�airs whic h allo w di�eren t views of their matters. This shall con tribute to the

dev elop emen t of a con textual logic of triadic con texts in analogy to the dy adic

case describ ed in [GW99b ].

Suc h mo dal views often o ccur when sev eral p ersons rep ort ab out the same

situation or ev en t. An in triguing example for this is presen ted b y the famous

Japanese mo vie \Rashomon" (cf. [Ko95 ]). In the mo vie six p ersons - a robb er,

a sam urai, the wife of the sam urai, a w o o dcutter, a monk, and a v agab ond -

rep ort ab out an ev en t during whic h the sam urai w as m urdered and his wife w as



rap ed. The di�eren t rep orts sho w p ersp ectiv e views of the truth whic h, for eac h

individual, has to coincide with her pride and sense of honour. In this w a y the

sp ectator comes to kno w only p ossible truths where it remains op en what really

happ ened.

As another example with less di�erences b et w een the individual presen ta-

tions, the gosp els of the four ev angelists of the New T estamen t shall b e men-

tioned. In this example the di�erences b et w een the presen tations are not caused

b y the individual c haracters of the narrators, but b y the w a y of oral and written

tradition in whic h the gosp els originated. The four gosp els ga v e rise to a for-

mal represen tation of di�eren t relationships b y a m ulticon text (see [Wi96 ]) and

a triadic con text (see [Bi98 ], [WZ99 ]), resp ectiv ely , whic h allo ws to compare all

passages of the gosp els naming at least one of the disciples. In the triadic con text

the t w elv e disciples are considered as the formal ob jects, the thirt y-six passages

as the formal attributes, and the four ev angelists as the formal conditions; the

ternary relation of the triadic con text indicates whic h disciple is men tioned in

whic h passage b y whic h ev angelist.

An in teresting question is: Whic h disciples are men tioned in whic h passages

b y all ev angelists or b y at least one ev angelist? A complete answ er is presen ted

b y the t w o concept lattices in Figure 1 and Figure 2 whic h underly the formal

con texts with the disciples as ob jects, the passages as attributes, and the relation

asso ciating a disciple with a passage if that is done, in the �rst case, b y all ev an-

gelists and, in the second case, b y at least one ev angelist. The information giv en

b y the �rst concept lattice migh t surprise: there are only sev en passages (out of

36) in whic h the ev angelists commonly name at least one disciple; furthermore,

only four disciples are men tioned in those passages. The second concept lattice

yields m uc h ric her information: six disciples - P eter, John, Thomas, Matthew,

Thadaeus, and Judas - are men tioned alone in some passage, Andrew and Philip

are unique with resp ect to the passages referring to them, James is p ossibly

named alw a ys together with John, while Bartholomew, James Alphaeus, and

Simon are only men tioned in passage 7 (\Sending out the t w elv e ap ostles"),

together with all other disciples.

A more tec hnical example where the mo dalit y is caused b y di�eren t surround-

ings has b een elab orated in the �eld of Securit y Managemen t of Information

T ec hnology (see [BSI96 ], [S• o98 ], [B+98 ]). In the triadic con text formalizing the

data, the formal ob jects and attributes represen t threats concerning information

tec hnology and safeguards to prev en t those threats, resp ectiv ely , while the formal

conditions refer to IT-units suc h as IT-con�gurations, en vironmen ts, and organi-

zational set-ups. An imp ortan t task of IT-securit y managemen t is the deriv ation

of concrete directiv es to prev en t or react on damages. This presupp oses a com-

prehensiv e analysis of the necessary and p ossible relationships b et w een threats

and safeguards with resp ect to a giv en set of IT-units. A main t yp e of task is

therefore: Determine for giv en sets of threats, safeguards, and IT-units the t w o

concept lattices analogous to those of our example of the four gosp els. The theo-

retical bac kground for the treatmen t of this task will b e outlined in the next

section (for basic notions and results of F ormal Concept Analysis see [GW99a ]).
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2 Necessit y and P ossiblit y in T riadic Con texts

T riadic Conc ept A nalysis has b een in tro duced as an extension of F ormal Con-

c ept A nalysis in [L W95 ] and [Wi95 ] (see also [Bi98 ]). It is mathematicall y based

on the notion of a triadic con text de�ned as a quadruple ( G; M ; B ; Y ) where

G , M , and B are sets and Y is a ternary relation b et w een G , M , and B , i.e.

Y � G � M � B ; the elemen ts of G; M , and B are called ( formal ) obje cts , at-

tributes , and c onditions , resp ectiv ely , and ( g ; m; b ) 2 Y is read: the ob ject g

has the attribute m under the condition b . A triadic c onc ept of a triadic con-

text ( G; M ; B ; Y ) is de�ned (analogously to a dy adic concept in F ormal Concept

Analysis) as a triple ( A

1

; A

2

; A

3

) with A

1

� G , A

2

� M , and A

3

� B suc h

that the triple ( A

1

; A

2

; A

3

) is maxim al with resp ect to comp onen t-wise set in-

clusion in satisfying A

1

� A

2

� A

3

� Y . If ( G; M ; B ; Y ) is describ ed b y a three-

dimensional cross table, this means that, under suitable p erm utations of ro ws,

columns, and la y ers of the cross table, the triadic concept ( A

1

; A

2

; A

3

) is repre-

sen ted b y a maxima l rectangular b o x full of crosses (for an extensiv e motiv ation

of the de�nition of a triadic con text see [L W95 ]). F or a particular triadic concept

c := ( A

1

; A

2

; A

3

), the comp onen ts A

1

, A

2

, and A

3

are called the extent , the in-

tent , and the mo dus of c , resp ectiv ely . The set T ( K ) of all triadic concepts of the

triadic con text K := ( G; M ; B ; Y ) is structured b y set inclusion considered in

eac h of the three comp onen ts of the triadic concepts. F or eac h i 2 f 1 ; 2 ; 3 g , one

obtains a quasiorder

<

�

i

and its corresp onding equiv alence relations �

i

de�ned

b y

( A

1

; A

2

; A

3

)

<

�

i

( B

1

; B

2

; B

3

) : ( ) A

i

� B

i

and

( A

1

; A

2

; A

3

) �

i

( B

1

; B

2

; B

3

) : ( ) A

i

= B

i

( i = 1 ; 2 ; 3) :

The relational structure T ( K ) := ( T ( K ) ;

<

�

1

;

<

�

2

;

<

�

3

) is called the c onc ept trilattic e

of the triadic con text K .

29

1,4

11,27,30,31

2,3,5,6,7,8,9,10,12,13,14

15,16,17,18,19,20,22,22,23

24,25,26,28,32,33,34,35,36

Simon, Bartholomew, Matthew, ThadaeusPhilip, Andrew, Thomas, James Alphaeus

Judas

James, John

Peter

Fig. 1. The concept lattice sho wing whic h disciples are men tioned in whic h passages

b y all ev angelists

3



7

26,29

23,24,32 21

20

5

4

35

18,22

1

9,19

2,17

6,12,28

25,3614,16

13 30,31,33,34

3,8,10,11,15,27

James Alphaeus, Bartholomew, Simon

Judas

Thadaeus

Matthew

Thomas

Philip

Andrew

James

John

Peter

Fig. 2. The concept lattice sho wing whic h disciples are men tioned in whic h passages

b y at least one ev angelist

Since, in most cases, concept trilattices of triadic con texts are v ery complex,

it is often b etter to deriv e dy adic con texts from a triadic con text and to analyse

them through their dy adic concept lattices. F or suc h deriv ation and subsequen t

analysis, the examples in Section 1 suggest the follo wing mo dal approac h: F or

a triadic con text K := ( G; M ; B ; Y ) the deriv ed 2 - c ontext and 3 - c ontext are

de�ned b y

K

2

:= ( G; M ; I

2

) with g I

2

m : , 8 b 2 B : ( g ; m; b ) 2 Y ;

K

3

:= ( G; M ; I

3

) with g I

3

m : , 9 b 2 B : ( g ; m; b ) 2 Y ;

g I

2

m is read: \the ob ject g has ne c essarily the attribute m ", and g I

3

m is read:

\the ob ject g has p ossibly the attribute m ". In the case j B j = 1, whic h ma y

b e considered as the dy adic case, the relations I

2

and I

3

are iden tical, i.e.

K

2

= K

3

. Note that eac h dy adic concept ( C ; D ) of the 2 - c ontext is part of

the triadic concept ( C ; D ; B ); this indicates that the concept lattice of the 2 -

c ontext K

2

is a sublattice of the concept trilattice T ( K ). F or the concept lattice

of the 3 - c ontext K

3

there is not suc h a direct connection to the concept trilattice

T ( K ).

The main t yp e of task for the triadic con text discussed at the end of Section 1

can no w b e form ulated more precisely: Determine for giv en sets G of threats, M

of safeguards, and B of IT-units the concept lattices of the 2 -con text ( G ; M ; I

2

)
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and the 3 -con text ( G ; M ; I

3

). Ho w this can b e done, w e demonstrate b y taking

as IT-unit set B := f T ec hnical Infrastructure Ro om, Serv er Ro om g , as threat

set G the threat scenario for these ro oms listed in Figure 5, and as safeguard

set M the recommended coun termeasures also listed in Figure 5. The t w o data

con texts for the ro om of tec hnical infrastructure (whic h shall b e abbreviated

R TI ) and for the serv er ro om (whic h shall b e abbreviated SR ), b oth tak en from

[BSI96 ], are represen ted in Figure 3 and Figure 4; these t w o con texts form the

triadic con text whic h shall b e in v estigated. F or this, the app ertaining 2 - and

3 -con text are determined together with their concept lattices whic h are sho wn

in Figure 6 and Figure 7.

1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 2. 2. 2. 2. 2.

3 7 8 10 15 18 23 24 25 26 27 28 31 14 16 17 18 21

1.4 � � � � � � � � � �

1.5 � � � � � �

1.7 � �

2.1 � � � �

2.6 � � � � � � � �

4.1 � � � �

4.2 � � � � �

4.6 � � �

5.1 � � � � � � � �

5.2 � � � � � � �

5.3 � � � � � � � � �

5.4 � � � � � � � � �

5.5 � � � � � � � �

Fig. 3. F ormal con text of threats and safeguards concerning the serv erro om (SR)

1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 2. 2. 2. 2. 2.

3 6 7 8 10 15 18 23 24 25 26 27 31 14 16 17 18 21

1.4 � � � � � � � � � � � � �

1.5 � � � � �

1.7 �

2.1 � � �

2.6 � � � � � � � �

4.1 � � �

4.2 � � � �

4.6 � �

5.1 � � � � � � �

5.3 � � � � � � � � �

5.4 � � � � � � � �

5.5 � � � � � � � �

Fig. 4. F ormal con text of threats and safeguards concerning the ro om for tec hnical

infrastructure (R TI)
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F orce Ma jeure

1.4 Fire

1.5 W ater

1.7 Inadmissible temp erature and h umidit y

Organisational Shortcomings

2.1 Lac k of, or insufficien t, rules

2.6 Unauthorised access to ro oms requiring protec-

tion

T ec hnical F ailure

4.1 Disruption of p o w er supply

4.2 F ailure of in ternal supplies

4.6 V oltage v ariations / o v erv oltage / underv oltage

Delib erate Acts

5.1 Manipulation/destruction of IT equipmen t or

accessories

5.2 Manipulation of data or soft w are

5.3 Unauthorised en try in to a building

5.4 Theft

5.5 V andalism

Infrastructure

1.3 Adapted wiring of circuits

1.6 Compliance with fire-protection regulations &

requiremen ts imp osed b y lo cal fire departmen t

1.7 Hand-held fire extinguishers

1.8 Ro om allo cation, with due regard to fire loads

1.10 Use of safet y do ors (optional)

1.15 Closed windo ws and do ors

1.18 In truder and fire detection devices (optional)

1.23 Lo c k ed do ors

1.24 Av oidance of w ater pip es (optional)

1.25 Ov erv oltage protection (optional)

1.26 Emergency circuit-break ers (optional)

1.27 Air conditioning (optional)

1.28 Lo cal unin terruptible p o w er supply [UPS]

(optional)

1.31 Remote indication of malfunctions (optional)

Organisation

2.14 Key con trol

2.16 Sup ervising or escorting outside staff/visitors

2.17 En try regulations and con trols

2.18 Insp ection rounds (optional)

2.21 Ban on smoking

Fig. 5. Recommended coun termeasures (safeguards)

2.182.162.14 2.17

1.27

1.18

1.31

1.26

1.15

1.24

1.10

1.23

1.3

1.25

1.7

1.8 2.21

1.281.6

5.2

2.1

1.7

1.5

5.1

2.65.5 5.4

5.3

4.1 4.6

4.2

1.4

Fig. 6. The concept lattice B ( K

2

) of the 2 -con text of the triadic con text formed b y

the dy adic con texts of Figure 5
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2.18

2.172.16

2.14

1.28

1.27

1.18

1.31

1.261.15

1.24

1.10

1.23

1.3

1.25

1.7

1.81.6 2.21

2.11.7

1.5
5.2

5.1

2.6 5.5

5.45.3

4.6

4.1

4.2

1.4

Fig. 7. The concept lattice B ( K

3

) of the 3 -con text of the triadic con text formed b y

the dy adic con texts of Figure 5

A t a �rst glance, b oth diagrams lo ok fairly similar. This is not surprising

b ecause the con texts do not di�er m uc h. Esp ecially , the con texts are concerned

with almost the same threats, except 5.2 (manipulation of data or soft w are)

whic h can only happ en in SRs. They ha v e also the same coun termeasures, except

1.6 (compliance with �re-protection regulations) whic h only app ears in R TIs and

1.28 (lo cal unin terruptible p o w er supply) whic h only app ears in SRs. This is the

reason that in B ( K

2

), the top-elemen t is lab eled with the ob ject 5.2 and the

b ottom-elemen t is lab eled with the attributes 1.6 and 1.28.

A t a second glance, it is noticable that the righ t side of the concept lattice in

Figure 6 lo oks m uc h simpler than the righ t side of the the concept lattice in Fig-

ure 7. F or example, the ob jects 4.1 (disruption of p o w er supply) and 4.2 (failure

of in ternal supplies) ha v e the attribute 1.31 (remote indication of malfunction)

in the 3 -con text, but not in the 2 -con text. This is b ecause serv er pro vide the

remote con trol of their functions, but in R TIs one �nds in general distributors

of in ternal supplies whic h usually do not pro vide an y remote access.

Note that in the concept lattice of the 3 -con text, some atoms are lab eled

with safeguards. This means these safeguards prev en t exactly one (or more)

threats. F or example, the coun termeasure 1.24 (a v oidance of w ater pip es) serv es

to prev en t the threat \w ater". Nev ertheless, this threat can b e confron ted with

more safeguards. What is really surprising is safeguard 1.7 (Hand-held �re extin-

guishers). One w ould exp ect that this safeguard prev en ts only �re. But, as one

7



can see in the concept lattice of the 2 -con text, it is alw a ys used to prev en t 4.2

(failure of in ternal supplies). This migh t b e a fault in the underlying con texts

for SRs and R TIs.

Finally note that there is only one co-atom in the concept lattice K

2

in Fig-

ure 6 whic h is lab eled with an ob ject, namely 2.1 (lac k of, or insu�cien t, rules),

and there is no ob ject-lab eled co-atom in the concept lattice K

3

in Figure 7.

This means that there exist at least t w o coun termeasures for ev ery threat.

3 Mo dal A ttribute Logic

A �rst step for a systematic study of the 2 - and 3 - c ontext and their conceptual

connections is made b y in v estigating the \Bo olean Logic of Extension" of the

attributes in b oth con texts (cf. [GW99b ],[WZ99 ]). F or this, w e in tro duce the

logical connectiv es ^ , _ , and : as partial op erations on the set of attributes of an y

triadic con text K := ( G; M ; B ; Y ) for whic h w e assume (to simplify de�nitions)

that eac h attribute m 2 M is uniquely determined b y the set f ( g ; b ) 2 G � B j

( g ; m; b ) 2 Y g . F or m; n; p 2 M w e de�ne:

p = m ^ n : ( ) 8 g 2 G 8 b 2 B : ( g ; p; b ) 2 I , ( g ; m; b ) 2 I and ( g ; n; b ) 2 I

p = m _ n : ( ) 8 g 2 G 8 b 2 B : ( g ; p; b ) 2 I , ( g ; m; b ) 2 I or ( g ; n; w ) 2 I

p = : m : ( ) 8 g 2 G 8 b 2 B : ( g ; p; b ) 2 I , ( g ; m; b ) =2 I

In K

2

und K

3

w e ha v e the follo wing attribute exten ts:

m

2

:= f g 2 G j 8 b 2 B : ( g ; m; b ) 2 Y g and

m

3

:= f g 2 G j 9 b 2 B : ( g ; m; b ) 2 Y g ( m 2 M )

Ob viously , m

2

� m

3

. F urthermore, it can b e easily pro v ed that

( m ^ n )

2

= m

2

\ n

2

; ( m _ n )

3

= m

3

[ n

3

; ( : m )

2

= ( m

3

)

c

; and ( : m )

3

= ( m

2

)

c

(in general, U

c

is the complemen t of the subset U in G ).

T o understand whic h relationships b et w een the considered attribute exten ts

are alw a ys v alid, w e c haracterize the set systems M ( K ) := ( m

2

; m

3

)

m 2 M

ab-

stractly .

Prop osition 1 F or a set system M := ( U

m

; V

m

)

m 2 M

ther e exists a triadic

c ontext K := ( G; M ; B ; Y ) with M = M ( K ) if and only if U

m

� V

m

for al l

m 2 M ; as triadic c ontext one c an cho ose K

M

:= ( G

M

; M ; f 2 ; 3 g ; Y

M

) with

G

M

:=

S

m 2 M

V

m

and Y

M

:= f ( g ; m; 2 ) j g 2 U

m

g [ f ( g ; m; 3 ) j g 2 V

m

g .

F or in v estigating the relationships b et w een the 2 - and 3 � der iv ations and

the Bo olean op erations, w e consider no w triadic con texts K := ( G; M ; B ; Y )

whic h are Bo ole an-close d , i.e., the logical connectiv es ^ , _ , and : yield full

op erations on their attribute set M (not prop erly partial); w e also assume for

a Bo olean-closed triadic con text ( G; M ; B ; Y ) that eac h attribute m 2 M is

uniquely determined b y m

2

(b ecause of m

2

= (( : m )

3

)

c

this implies also that it
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is also uniquely determined b y m

3

). No w, the main question can b e form ulated:

Can w e understand the set sytems M ( K ) := ( m

2

; m

3

)

m 2 M

in their role as

extensional basis for a mo dal attribute logic as w ell as w e understand the p o w er

sets as extensional basis for the Bo olean Logic? T o approac h answ ers to this

question, w e sho w that Prop osition 1 can b e further elab orated for Bo olean-

closed triadic con texts:

Prop ositi on 2 F or a set sytem M := ( U

m

; V

m

)

m 2 M

exists a Bo ole an-close d

triadic c ontext K := ( G; M ; W ; I ) with M = M ( K ) if and only if the fol lowing

c onditions hold:

1. The mappings m 7! U

m

and m 7! V

m

ar e inje ctive,

2. f U

m

j m 2 M g is close d under �nite interse ctions and c ontains G ,

3. f V

m

j m 2 M g is close d under �nite unions and c ontains ; ,

4. U

m

� V

m

for al l m 2 M , and

5. Ther e is a bije ction h : M ! M satisfying ( U

m

)

c

= V

h ( m )

and ( V

m

)

c

=

U

h ( m )

for al l m 2 M ;

as Bo ole an-close d triadic c ontext one c an cho ose K

M

de�ne d in Pr op osition 1.

Note that, in Prop osition 2, the mapping h m ust b e in v olutorial; further-

more, w e ha v e f V

m

j m 2 M g = f U

c

m

j m 2 M g . This leads to an abstract

c haracterization of the set systems ( m

2

)

m 2 M

of Bo olean-closed triadic con texts

( G; M ; B ; Y ):

Prop ositi on 3 F or a set system ( U

m

)

m 2 M

ther e exists a Bo ole an-close d triadic

c ontext ( G; M ; B ; Y ) with U

m

= m

2

for al l m 2 M if and only if the mapping

m 7! U

m

is inje ctive, f U

m

j m 2 M g is close d under �nite interse ctions and

c ontains G , and ther e is a bije ction h : M ! M b eing involutorial and satisfying

U

h ( m )

\ U

m

= ; for al l m 2 M . Such a system shal l b e c al le d a 2 - exten t system .

Note that for a 2 -exten t system U , the bijection h is not uniquely determined.

T o see this, let G := f 1 ; 2 ; 3 ; 4 g and U := ( ; ; G; f 1 g ; f 1 ; 2 g ; f 3 g ; f 3 ; 4 g ). There are

t w o p ossible mappings h whic h satisfy the conditions of Prop osition 3, scetc hed

with the thin lines in the dra wing b elo w:

�

�

@

@

�

�

@

@

s ;

sf 1 g

sf 1 ; 2 g

s f 1 ; 2 ; 3 ; 4 g

s f 3 ; 4 g

s f 3 g

�

�

@

@

�

�

@

@

�

�

�

�H

H

H

H

s ;

sf 1 g

sf 1 ; 2 g

s f 1 ; 2 ; 3 ; 4 g

s f 3 ; 4 g

s f 3 g

The 2 -exten t systems can b e algebraically c haracterized as the ^ -ortho-

semilattic es whic h are ^ -semilattices with 0 and 1 and an additional unary

op eration x 7! x

?

satisfying x ^ x

?

= 0 and x

??

= x . In the rest of this

section w e w an t to examine ho w 2 -exten t systems can b e constructed. F or this

w e in tro duce the notion of an othogonal set system:

9



A set system ( U

m

)

m 2 M

whic h allo ws an in v olutorial bijection h : M ! M

suc h that U

h ( m )

\ U

m

= ; for all m 2 M shall b e called ortho gonal .

The orthogonal set systems closed under in tersections are just the 2 -exten t

systems. Next, w e indicate some negativ e results concerning the construction of

2 -exten t systems:

1. The 2 -exten t subsystems of the system U := ( ; ; G; f 1 g ; f 1 ; 2 g ; f 3 g ; f 3 ; 4 g )

with G := f 1 ; 2 ; 3 ; 4 g do not form a closure system:

Consider V

1

:= ( ; ; G; f 1 g ; f 3 ; 4 g ) and V

2

:= ( ; ; G; f 1 g ; f 3 g ). Ob viously , U

has V

1

and V

2

as 2 -exten t subsystems, but not V

1

\ V

2

= ( ; ; G; f 1 g ).

The question arises whether there are set systems whic h are easier to de-

scrib e and to construct and whic h generate just the 2 -exten t systems. Eac h

set system can b e minim all y extended to a unique set system closed under

�nite in tersections, but not eac h set system is con tained in a unique minim al

orthogonal set system. Therefore an approac h could b e to start with an or-

thogonal set system and to close it under �nite in tersections. But this do es

not alw a ys lead to a 2 -exten t system, as the follo wing example sho ws:

2. Consider the system V := ( ; ; G; f 1 g ; f 3 g ; f 1 ; 2) ; f 2 ; 3 g ). V is an orthogonal

set system, but the system V

0

of all �nite in tersections with sets of V is not

a 2 -exten t system.

It is ev en w orse: The 2 -exten t systems minim al ly extending a giv en set

system closed under �nite in tersections need not only to b e unique, but ev en

not to b e isomorphic:

3. In G = f 1 ; 2 ; 3 ; 4 g , the set system V := ( ; ; G; f 1 g ; f 1 ; 2 g ) is closed under

�nite in tersections and has t w o di�eren t 2 -exten t systems as minima l exten-

sions whic h are not isomorphic, namely V

1

:= ( ; ; G; f 1 g ; f 1 ; 2 g ; f 3 g ; f 3 ; 4 g )

and V

2

:= ( ; ; G; f 1 g ; f 1 ; 2 g ; f 3 g ; f 4 g ).

�

�

�

@

@

@

�

�

�

@

@

@

r ;

rf 1 g

rf 1 ; 2 g

r f 1 ; 2 ; 3 ; 4 g

r f 3 ; 4 g

r f 3 g

�

�

�

@

@

@

�

�

�

A

A

A

A

A

A

r ;

rf 1 g

rf 1 ; 2 g

r f 1 ; 2 ; 3 ; 4 g

r f 4 gr f 3 g

Th us, w e ha v e a description of the 2 -exten t systems, but w e cannot exp ect

to gain an easy or canonical w a y for c onstructing them. Nev ertheless there is at

least one in teresting prop ert y: All 2 -exten t systems minima ll y extending a set

system U := ( U

m

)

m 2 M

ha v e the same cardinalit y . This is a consequence of the

follo wing prop osition:

Prop osition 4 L et U := ( U

m

)

m 2 M

b e a set system which is close d under �nite

interse ctions, and let U b e an ortho gonal subsystem of U with maximal c ar dinal-

ity. If V is a 2 -extent system minimal ly extending U , then j V j = j U j + 2 � j U n U j .

10



The pro ofs of the stated prop ositions and further results can b e found in

[Da99 ]. But is has still to b e solv ed ho w the exten t systems ( m

2

; m

3

)

m 2 M

can

b e completely classi�ed, analogously to the classi�cation of the p o w er set lattices

as the completely distributiv e complete Bo olean lattices.
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