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Abstract. Conceptual graphs are based on the existen tial graphs of

P eirce and the seman tic net w orks of AI (see [So92 ]). Existen tial graphs

are comp osed of three syn tactical elemen ts: lines of iden tit y , predicate

names and cuts (whic h are used for negation). In [Da00 ] and [Da01 ]

w e in tro duced the cuts of existen tial graphs as new syn tactical elemen t

to concept graphs. The resulting c onc ept gr aphs with cuts ha v e at least

the expressivit y of existen tial graphs. In this article, w e presen t some

ideas ho w existen tial graphs can b e translated to concept graphs with

cuts, or, in other w ords, ho w existen tial graphs can b e regarded as sp ecial

concept graphs with cuts. In order to do this, w e pro vide sev eral examples

of existen tial graphs. W e discuss the meanings of these examples and

ho w they should b e translated to concept graphs with cuts. After the

discussion, w e attempt to pro vide a formal de�nition of existen tial graphs

and a formal de�nition of their translation to concept graphs with cuts.

1 In tro duction

P eirce in v en ted the Existen tial Graphs (EGs) in 1896. He called them his `c hef

d'ouevre' and said they w ere ` the luckiest �nd of my c ar e er ' (see [So97 ]). P eirce

also in v en ted the algebraic notation predicate calculus, but he preferred the di-

agrammatic st yle of logic. Although the algebraic st yle of logic b ecame widely

accepted, EGs are still relev an t. They are used in teac hing, in automate reason-

ing and theorem pro ving (see for example the w orks of Hammer and Shin, and

John Stew arts PhD-Thesis on theorem pro ving with EGs). And what is most

imp ortan t for this w ork: Conceptual graphs are based on EGs. But a solid math-

ematical foundation of EGs is still missing in literature. In this w ork w e pro vide

an approac h of a mathematical foundation of EGs whic h s based on concept

graphs.

In [So97 ] So w a sa ys ` Conc eptual gr aphs (CGs) ar e an extension of existential

gr aphs with fe atur es adopte d fr om linguistics and AI. ' The term `extension'

should not b e understo o d syn tactically: So w a adopted the ideas of existen tial

graphs (EGs), but CGs ha v e a di�eren t syn tax. But `extension' can b e under-

sto o d seman tically: The decisiv e idea is that ev erything whic h can b e expressed

with EGs can b e expressed with CGs, to o. A crucial part of this idea is that the

cuts of EGs can b e expressed b y negation con texts in conceptual graphs. But



con texts in CGs are handled as metalevel op erators, but w e consider negation as

a logical, not a metalev el op erator. So w e remo v ed the negation con texts from

CGs. Instead of them, w e ha v e in tro duced the cuts of EGs as new syn tactical

elemen t to CGs (see [Da00 ], [Da01 ], [Da02 ]). F urthermore the coreference links

are replaced b y so-called identity links , i.e. edges in the usual sense whic h are la-

b elled b y the iden tit y relation id . The resulting graphs are called c onc ept gr aphs

with cuts .

W e w an t to stress that P eirce distinguished b et w een diagrams of EGs, whic h he

called r eplic as of EGs, and the graphs themselv es. He said: ` A gr aph is a pr op osi-

tional expr ession in the System of Existential Gr aphs of any p ossible state of the

universe. It is a Symb ol, and, as such, gener al, is ac c or dingly to b e distinguishe d

fr om a gr aph-r eplic a. ' So a replica of an EG is a diagrammatic represen tation

of an underlying (abstract) EG. Please note that w e ha v e the same situation

for concept graphs: They can b e r epr esente d diagrammatically , but they ar e no

diagrams.

No w the idea that ev erything whic h can b e expressed with EGs can b e expressed

with CGs can b e re�ned in the follo wing w a y: W e w an t to �nd a mapping �

1

whic h maps an replica of an EG E to a concept graphs with cuts G := � ( E )

whic h has the same seman tical meaning as E . The mapping � will map lines of

iden tit y to concept b o xes > : � and iden tit y links, predicate sp ots to edges and

cuts to cuts.

In this w ork w e w an t to sho w ho w the mapping � should w ork. In order to do

this, w e pro vide sev eral examples of EGs b y pro viding their diagrams. W e discuss

the meanings of these examples and whic h di�culties w e ha v e to cop e with when

w e w an t to translate them to concept graphs with cuts. After this discussion,

w e attempt to pro vide a formal de�nition of replicas of EGs as diagrams in the

euclidean space. Afterw ords w e will pro vide a formal de�nition of the mapping

� whic h maps the diagrams to sp ecial concept graphs with cuts. These concept

graphs with cuts can b e considered to b e the underlying EGs of the replicas.

This approac h strengthens the mathematical foundations of EGs as w ell as of

EGs, and it sho ws precisely wh y and where CGs are an extension of EGs.

Before w e start the discussion, w e w an t to giv e a short o v erview o v er the main

sources in literature w e are referring to. P eirce himself did not write a `standard

textb o ok' on EGs, and, as So w a sa ys in his commen ts in [PS09 ], ` r e ading Peir c e's

manuscripts c an b e b oth frustr ating and r ewar ding. ' Rob erts w ork ed through

P eirce's man uscripts, and his PhD-thesis `The Existen tial Graphs of Charles

S. P eirce' is a b enc hmark in the researc h on EGs and the b est in tro duction

in EGs w e kno w. Burc h is another exp ert on the w ork of P eirce. In his b o ok

`A P eircean Reduction Theses' ([Bu91 ]) he w ork ed out the `P eircean Algebraic

Logic' whic h, as he sa ys, ` is designe d sp e ci�c al ly to ac c or d as closely as p ossible

with the system of Existential Gr aphs that Peir c e develop e d in the late 1890s. '

1

W e ha v e c hosen the letter � for t w o reasons: First, w e ha v e decided to use a capital

greek letter follo wing the w ell kno wn mapping � : C G ! F O L (and the mapping

	 : F O L ! C G whic h some authors use, to o). Secondly , the form of ` � ' is similar

to `E', the �rst letter of `Existen tial Graphs'.
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In order to understand the graphical represen tations of EGs, c hapter 11 of his

b o ok is v ery instructiv e. So w a pro vides in his man uscript `Logic: Graphical and

Algebraic' ([So97 ]) a short in tro duction in to EGs. F urthermore he has written

enligh tening commen ts on MS514, whic h P eirce wrote in 1909 as a tutorial on

EGs. MS514 is also one of t w o w ork sources of P eirce w e use for our analysis of

EGs. The other one is giv en b y his Cam bridge lectures from 1898 (esp. Lecture

3: `The Logic of Relativ es'). These are the main sources w e use in this article.

Of course the men tioned authors ha v e written more on EGs, and there are more

authors whic h are exp erts on EGs (e.g. Hammer and Shin).

2 Examples for Existen tial Graphs

In this section w e pro vide some examples for EGs and their translation to concept

graphs with cuts.

EGs are comp osed of three kinds of parts:

{ lines of iden tit y , whic h are used to denote the existence of ob jects and the

iden tit y b et w een ob jects (in this w ork, w e will write `LoI' instead of `line of

iden tit y' for short)

{ predicate names, whic h are attac hed to LoIs and whic h are used to denote

attributes of or relations b et w een the ob jects

{ cuts, whic h are used to denote negation. In his later w ork, e.g. in [PS09 ],

P eirce used shaded areas instead of cuts. In this w ork, w e use cuts to k eep

conform with the notation w e used in [Da00 ], [Da01 ] and [Da02 ]. But when

w e adopt an example P eirce has giv en in [PS09 ], w e dra w them in their

original manner with shaded and unshaded areas instead of cuts.

1st Example:

The �rst EG E

1

w e w an t to discuss is a single line of iden tit y , i.e. E

1

:=

The (naiv e) meaning of this graph is `something exists', or, p erhaps b etter, `there

is something'.

LoIs are so-called `indivisible graphs'. Although LoIs are indivisible, they b ear

a kind of inner structure. In [PS09 ] P eirce writes: ` The line of identity c an b e

r e gar de d as a gr aph c omp ose d of any numb er of dyads '-is-' or as a single dyad. '

He illustrates this view with an example (page 14 in [PS09 ]). According to this,

w e can regard E

1

in di�eren t w a ys. If w e regard E

1

as comp osed of three dy ads,

w e get the meaning `there is something whic h is something whic h is something

whic h is something'. If w e regard this LoI as a single dy ad, w e get the meaning

`there is something whic h is something'. But note that P eirce do es not men tion

that a LoI can b e regarded as a monad (whic h w ould yield the meaning `there

is something').

In his commen tary of this part of [PS09 ], So w a pro vides the follo wing example:

man | is | is | is | is | w il l die . He explains its translation to an F OL-form ula

in the follo wing w a y: ` Each of the �ve se gments of the line of identity c orr esp onds
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to an existential ly quanti�e d variable, and e ach instanc e of the dyad {is{ c or-

r esp onds to an e qual sign b etwe en two variables. ' Hence So w a adopted P eirce's

view on LoIs.

Burc h shares this understanding as w ell. In [Bu91 ] he describ es his comprehen-

sion of LoIs: ` Lines of identity ar e simply lines that ar e themselves c omp ose d of

sp ots of identity (of various adicities) that ar e dir e ctly joine d to gether. ' The sp ots

of iden tit y corresp ond to the existen tially quan ti�ed ob jects (the `somethings' in

P eirce's translations resp. the existen tially quan ti�ed v ariables), and their joins

corresp ond to the relation `is' resp. the equal sign b et w een t w o v ariables.

Rob erts mak es in [Ro73 ] a similar approac h. He pro vides three rules C7, C8

and C9 for the reading of LoIs in EGs. The �rst of these rules is: ` C7: A he avy

line, c al le d a line of identity, shal l b e a gr aph asserting the numeric al identity

of the individuals denote d by its two extr emities. ' This rule expresses P eirce's

understanding that a LoI can b e regarded as a single dy ad.

T o summarize: The translation of E

1

to an F OL-form ula or to a concept graph

dep ends on the n um b er of dy ads `-is-' (or of one monad) it is comp osed of. This

n um b er is our c hoice. So w e ha v e in�nite man y di�eren t p ossible translations of

E

1

, namely the follo wing:

one monad one dy ad t w o dy ads : : :

F OL ? 9 x

1

: 9 x

2

:x

1

= x

2

9 x

1

: 9 x

2

: 9 x

3

:x

1

= x

2

^ x

1

= x

2

: : :

CG

:* :*:* :*:* :* : : :

Ob viously all F OL-form ulas are (seman tically) equiv alen t (esp. all form ulas are

equiv alen t to 9 x:x = x ). W e will no w explain wh y the same holds for the concept

graphs as w ell.

In [Da01 ], w e pro vided a sound and complete calculus for concept graphs with

cuts. This calculus con tains esp. the rule splitting a v ertex . This rule ma y

b e rev ersed (i.e. the rule is a transformation whic h ma y b e p erformed in b oth

directions). The rev erse direction is named merging t w o v ertices (see [Da02 ]).

These rules do the follo wing:

2

{ merging t w o v ertices

Let e 2 E

id

b e an iden tit y link with � ( e ) = ( v

1

; v

2

) and cut ( v

1

) � cut ( e ) =

cut ( v

2

). Then v

1

ma y b e merged in to v

2

, i.e. v

1

and e are erased and, for

ev ery edge e 2 E , e ( i ) = v

1

is replaced b y e ( i ) = v

2

.

{ splitting a v ertex

Let v = > : � b e a v ertex in cut c

0

and inciden t with relation edges R

1

; : : : ; R

n

,

placed in cuts c

1

; : : : ; c

n

, resp ectiv ely . Let c b e a cut suc h that c

1

; : : : ; c

n

�

c � c

0

. Then the follo wing ma y b e done: In c , a new v ertex v

0

= > : � and

a new iden tit y-link b et w een v and v

0

is inserted. On R

1

; : : : ; R

n

, arbitrary

instances of v are substituted b y v

0

.

These t w o rules allo w to insert and erase redundan t copies of concept b o xes > : � .

These rules are for concept graphs with cuts what P eirce's view that a LoI can

2

F or a further discussion and examples see [Da01 ] and [Da02 ]
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b e regarded as a graph comp osed of an y n um b er of dy ads `-is-' is for EGs. In

other w ords: These rules are exactly the rules whic h are needed to see that all

the di�eren t p ossible translations of an EG are seman tically equiv alen t. So w e

set:

De�nition 1. L et � b e the smal lest e quivalenc e r elation such that the fol lowing

holds: If G

1

and G

2

ar e two c onc ept gr aphs with cuts and we c an derive G

2

fr om

G

1

only with the rules splitting a v ertex and merging t w o v ertices

3

, then we have

G

1

� G

2

. We say that G

1

and G

2

ar e � -e quivalent.

F rom the discussion so far w e can dra w the follo wing conclusion: All the p ossible

correct translations of E

1

are � -equiv alen t. So it app ears reasonable that the

translation of an EG is not a single concept graph, but a whole equiv alence class

of � . The mapping � has to yield a single mem b er of this class.

An ob vious approac h for � is to assign one concept b o x > : � to eac h LoI. But

in Example 10 it will turn out that this approac h fails. So w e will app eal to

understand that a LoI is a single dy ad whic h asserts the iden tit y b et w een the

t w o endp oin ts of the LoI. So w e assign a concept b o x > : � to eac h endp oin t of

the LoI and an iden tit y link b et w een them, i.e. w e set � ( E

1

) :=

:*:* .

2nd and 3rd Example:

In the next t w o examples w e in tro duce predicates to our

discussion. W e start with an example ha ving a unary pred-

icate P whic h is attac hed to a LoI. The EG is therefore

E

2

:= P

In this example w e ha v e one LoI. On one of its end p oin ts a predicate name is

attac hed. In the follo wing, w e will denote suc h p oin ts pr e dic ate sp ots .

When w e translate EGs to concept graphs, it is ob vious that predicate sp ots

should b e translated to edges, i.e. relations, in concept graphs. W e ha v e argued

that w e will translate a LoI to two concept b o xes > : � whic h are connected with

an iden tit y link. One migh t think that in the translation of E

2

w e can drop the

concept b o x > : � whic h is the translation of the predicate sp ot of our EG (i.e.

the endp oin t of the line of iden tit y where the predicate name P is attac hed).

This means w e w ould assign concept b o xes > : � only to `lo ose' ends of LoIs.

Doing the translation this w a y , our translation of E

2

w ould b e

:*P .

But the next graph sho ws that this approac h fails: E

3

:= P Q

The translation of E

3

m ust con tain at least one concept b o x > : � and t w o unary

edges with the predicate names P and R . But the LoI of E

3

has no lo ose end.

Hence it is generally not su�cien t to assign concept b o xes > : � only to lo ose

ends of LoIs.

So w a sa ys in [PS09 ] the follo wing: ` In EGs, e ach pr e dic ate is r epr esente d by a

char acter string [...] and e ach ar gument or subje ct is r epr esente d by a line c al le d

a p e g. By itself, a p e g

4

r epr esents an existential ly quanti�e d variable, and a

L oI that c onne cts two or mor e p e gs c orr esp onds to an e qual sign `=' b etwe en the

3

for tec hnical reasons, the rule isomorphism is needed, to o.

4

The term `ho ok' instead of `p eg' is used b y P eirce, to o.
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c orr esp onding variables. ' The crucial conclusion w e can dra w from this statemen t

is that w e ha v e to assign a concept b o x > : � (whic h is the corresp onden t of

`existen tially quan ti�ed v ariable') in concept graphs to e ach p e g of a predicate

sp ot. Hence w e set

� ( E

2

) :=

:* :*P and � ( E

3

) :=

:* :*P Q

These graphs con tain, similar to our �rst example, a n um b er of redundan t copies

of > : � . But w e ha v e

� ( E

2

) �

:*P and � ( E

3

) �

:*P Q

4th Example:

No w w e consider a graph in whic h w e ha v e a link ed struc-

ture of lines.

E

4

:=

R

QP

There are di�eren t p ossibilities ho w this line with sev eral branc hes can b e seen.

Rob erts explains a similar example in his b o ok: ` We c ould c onsider the [...] lines

as a single line of identity with thr e e extr emities which have a p oint in c ommon

[...]. A nd the totality of al l the lines of identity that join one another he (P eirce)

c al le d a `ligatur e'. we pr efer the former terminolo gy [...] '

Later on he explains ho w a branc hing LoI should b e treated. This is the next of

his three rules w e men tioned in our �rst example. He states: ` C8: A br anching

line of identity with n numb er of br anches wil l b e use d to expr ess the identity of

the n individuals denote d by its n extr emities. '

So w a shares the understanding that the link ed structure can b e regarded as a

single LoI. F or example, in [So97 ] he sa ys: ` In Peir c e's gr aphs, a b ar or a linke d

structur e of b ars is c al le d a line of identity. '

P eirce's understanding c hanges among di�eren t man uscripts. In his Cam bridge

lectures of 1898 w e �nd the phrase: ` Now as long as ther e is but one such line of

identity, whether it br anches or not [...]. '

But in his tutorial [PS09 ] of 1909 he he pro vides an example whic h he explains

as follo ws:

male

African
human

is a gr aph instanc e c omp ose d of instanc es of thr e e indivisible

gr aphs which assert `ther e is a male', `ther e is something

human ' and `ther e is an Afric an '. The syntactic junction or

p oint of teridentity asserts the identity of something denote d

by al l thr e e.

Later on he sa ys: ` A line which is c omp ose d of two or mor e lines of identity

abutting on one another is c al le d a `ligatur e'. ' So he explicit discriminates b e-

t w een one line of iden tit y and a link ed structure of lines of iden tit y whic h he

calls ligature.

Our understanding of E

4

is the follo wing: E

4

has three LoIs. Eac h of them has

one endp oin t whic h is a predicate sp ot. W e consider the `syn tactic junction', the

`p oin t of teriden tit y' as a p oin t whic h ha v e all the LoIs in common, i.e. the three

6



LoIs share a common endp oin t. F ollo wing Burc h, w e will call p oin ts lik e this

identity sp ots . As long as a ligature do es not cross a cut (a further discussion

on this will follo w in Example 8), it mak es no seman tical di�erence whether w e

understand the ligature in E

4

as comp osed of three LoIs or as b eing a single LoI

with three branc hes. W e prefer the former view due to mere tec hnical reasons:

With this view it is easier to pro vide a mathematical de�nition for EGs and to

pro vide a formal translation of EGs to concept graphs (see next section).

Before w e pro ceed with this example, w e re�ne our informal de�nition of predi-

cate sp ots, iden tit y sp ots and p egs resp. ho oks as follo ws:

{ A pr e dic ate sp ot is a p oin t where a predicate name is scrib ed. W e presupp ose

that in eac h predicate sp ot ends at least one LoI.

{ If a predicate sp ot carries a predicate name with arit y n , there will b e exactly

n endp oin ts of LoIs attac hed to this predicate p oin t. This n endp oin ts are

called p e gs or ho oks .

{ An identity sp ot is an endp oin t of a LoI whic h is not a predicate sp ot.

Using this terminology , E

4

has

three LoIs (whic h yield three

iden tit y links in our translation)

and three predicate sp ots (whic h

yield three further edges in our

translation). Eac h predicate sp ot

� ( E

4

) :=

:*:*:*

:*

Q

R

P

carries one p eg, and w e ha v e a further iden tit y sp ot, hence w e will ha v e four

concept b o xes > : � in our translation. This yields � ( E

6

).

� ( E

4

) con tains again a n um b er of redundan t concept

b o xes > : � . But lik e in the last examples, w e ha v e a

uniquely giv en concept graph whic h is equiv alen t to

our translation and whic h has a minimal n um b er of

concept b o xes > : � . W e ha v e

� ( E

4

) �

:*P

R

Q

5th Example:

If w e use predicates with an arit y > 1, the EGs can b e

read the same w a y . W e start with the follo wing example,

ha ving a dy adic predicate T :

E

5

:=

T

E

5

has t w o LoIs, one predicate sp ot with t w o p egs and t w o iden tit y sp ots. Hence

� ( E

5

) :=

:*:* :* :*T �

:* :*T
6th and 7th Example:

The follo wing graphs ha v e only one LoI. In E

6

, its extremities are attac hed to

the t w o p egs of the dy adic predicate T . In E

7

they are simply joined.

E

6

:=

T
and E

7

:=

The main di�erence b et w een these t w o examples is the follo wing: In E

6

, w e ha v e

t w o p egs to whic h w e will assign t w o concept b o xes > : � in our translation to

concept graphs. In E

7

, w e ha v e only one iden tit y sp ot, hence w e will ha v e only

one concept b o x > : � in our translation. So w e ha v e
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� ( E

6

) :=

:* :*
T

�

:*

T
and � ( E

7

) :=

:*

But it is w orth to note that � ( E

7

) is not � -equiv alen t to > : � !

8th Example:

Finally w e ha v e to in tro duce cuts to our discussion. W e

start with a graph in whic h a LoI seems to cross a cut.

E

8

:= P R

W e �nd the phrase `a line of iden tit y crossing a cut' sev eral times in the b o ok

of Rob erts. So w a shares the understanding that a LoI ma y cross a cut with

Rob erts.

In his commen tary in [PS09 ] he explains the graph on the

righ t as follo ws: ` [...] p art of the line of identity is outside

the ne gation. When a line of identity cr osses one or e mor e

ne gations [...] '

phoenix

But in [PS09 ] P eirce o�ers a di�eren t p oin t of view. In our �rst example, w e ha v e

cited P eirce's de�nition of LoIs. Here is the whole quotation: ` Every indivisible

gr aph instanc e must b e whol ly c ontaine d in a single ar e a. The line of identity

c an b e r e gar de d as a gr aph c omp ose d of any numb er of dyads `-is-' or as a single

dyad. But it must b e whol ly in one ar e a. Y et it may abut up on another line of

identity in another ar e a. ' Esp ecially w e can conclude that P eirce did not allo w

LoIs to cross a cut

5

. T o emphasize this, P eirce pro vides the follo wing example,

whic h he describ es as follo ws:

man will die

Thus it denies that ther e is a man that wil l not die,

that is, it asserts that every man (if ther e b e such an

animal) wil l die. It c ontains two L oIs (the p art in the

shade d ar e a and the p art in the unshade d ar e a).

So our in terpretation of E

8

is the follo wing: E

8

con tains two LoIs. In the w ords

of P eirce, `they abut on one another'. Our understanding is that they ha v e one

p oin t, an iden tit y sp ot, in common. This iden tit y sp ot is placed on the cut.

W e ha v e to analyze ho w p oin ts on a cut ha v e to b e treated. In his PhD-thesis,

Rob erts cites P eirce as follo ws: ` The cut is outside its own close. ' F rom this, he

deriv es the last rule ` C9: Points on a cut shal l b e c onsider e d to lie outside the

ar e a of that cut. ' W e adopt this view and dra w from this the follo wing conclusions

for our translation of E

8

:

In this translation, w e assign a concept b o x > : � to the iden tit y sp ot on the

cut, and this b o x is placed outside the cut. All the remaining sp ots of the LoI

are placed inside the cut. So the concept b o x > : � w e assign to the p eg of R is

placed inside the cut. The same holds for the iden tit y link b et w een these t w o

b o xes whic h w e assign to the righ t LoI: It is placed inside the cut, to o. The

left LoI of E

8

is easier to understand. The concept b o x > : � w e assign to its

left endp oin t (i.e. the p eg of P ) and the iden tit y link w e assign to the LoI ha v e

ob viously to b e placed outside the cut. So w e get

5

Burc h p oin ted this out in his talk on ICCS 2001, to o.

8



� ( E

8

) :=

:*:* :*P R �

:*P R

9th Example:

A w ell kno wn example is the follo wing graph (see

Figure 13 on page 53 in [Ro73 ]):

E

9

:=

The meaning of this graph is `there are at least t w o things' or, as Rob erts sa ys

in [Ro73 ]: ` This devise signi�es the non-identity of the individuals denote d by

the extr emities of the ligatur e: `Ther e ar e two obje cts such that no thir d obje ct is

identic al to b oth'. ' In particular Rob erts in terprets the graph in the follo wing w a y:

It con tains a ligature whic h is comp osed of three LoIs, and eac h LoI corresp onds

to one ob ject. If w e adopt this in terpretation for the mapping � , w e w ould

assign a concept b o x > : � to eac h LoI (instead of assigning concept b o xes > : �

to endp oints of LoIs). But the next example sho ws that this approac h ma y fail.

So our understanding of E

9

is the follo wing:

E

9

con tains a ligature whic h is comp osed of three LoIs. The LoI in the middle

has with eac h of the other t w o LoIs an iden tit y sp ot in common, and these t w o

sp ots are placed on the cut. Hence the concept b o xes w e assign to these sp ots

are placed outside the cut. As the remaining iden tit y sp ots of the LoI in the

middle are placed inside the cut, the iden tit y link whic h w e assign to this LoI

is placed inside the cut, to o. The concept b o xes w e assign to the extremities of

the ligature and the iden tit y links w e assign to the left and righ t LoI ha v e to b e

placed outside the cut. This yields altogether

� ( E

9

) := :*:* :* :* � :* :*

10th Example:

This example is closely related to the last one. But E

10

con tains only one LoI (whic h corresp onds the the LoI in

the middle of E

9

). Both endp oin ts are placed on the cut.

E

10

:=

Lik e in the last example, the concept b o xes

> : � w e assign to the endp oin ts are placed

outside the cut, and the iden tit y link b et w een

these b o xes is placed inside the cut. Hence the

translation of this EG graph is:

� ( E

10

) :=

:* :*

So E

9

and E

10

are seman tically equiv alen t. This is not surprising:

Rob erts pro vides in [Ro73 ] t w o examples (Figure 3 and 4 on page

54) on whic h he explains ho w LoIs whic h ` terminate on a cut '

(Rob erts) ha v e to b e treated. According to this, E

10

is equiv alen t

to the graph on the righ t, whic h is another w a y of dra wing E

9

.

But w e w an t to stress that eac h concept graph whic h has the same meaning as

E

9

or E

10

needs at least t w o concept b o xes > : � ! So E

10

cannot b e translated to

a concept graph with only one concept b o x, although E

10

has only one LoI. E

10

is the crucial example wh y w e assign one concept b o x > : � to e ach extr emity of

a LoI, and wh y w e do not assign one concept b o x > : � to e ach L oI itself .

9



11th Example:

No w w e consider the EG on the righ t. Again w e ha v e only

one LoI, but the endp oin ts of this LoI are iden tical.

E

11

:=

Con trary to the last example, w e ha v e one iden tit y

sp ot instead of t w o. So our translation of E

11

con tains

only one concept b o x > : � . This yields the transla-

tion on the righ t.

� ( E

11

) :=

:*

12th Example:

In the follo wing w e w an t to analyze some

examples in whic h LoIs seem to `touc h' a

cut. In [PS09 ] P eirce demonstrates the in-

ference of a syllogism with EGs. In this

demonstration he pro vides the t w o EGs on

the righ t (n um b ering tak en from P eirce):
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��������
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P

M

M

S

Fig. 12 Fig. 13

He deriv es the EG of Fig. 13 with the insertion rule from the EG of Fig. 12. These

graphs sho w that P eirce had indeed the concept of `lines of iden tit y touc hing a

cut' and ho w he treats them.

The �rst example w e w an t to consider is E

12

. The sp ot

where the LoI in E

12

touc hes the cut is in our view a p oin t

whic h is placed on the cut and has therefore b e considered

outside the cut.

E

12

:=

R

S

According to this, the

graph on the righ t has

the same meaning as

E

12

:

S
R

But this graph has a

di�er ent meaning than

E

12

: S
R

If w e assume that E

12

has only one LoI whic h touc hes the

cut in its middle, w e w ould (according to our translation

rules giv en so far) translate this graph to the graph on the

righ t. This concept graph is not an appropriate translation

of E

12

.

:*

:* S

R

So if w e insist on the in terpretation that this graph has one LoI, w e w ould ha v e

tak e in to accoun t that there are cases where w e ha v e to assign concept b o xes

> : � to iden tit y sp ots whic h are lo cated in the middle of a LoI. This w ould mak e

a formal translation of EGs to concept graphs with cuts more complicated.

F or this reason, it is b etter to understand the rule `lines of iden tit y do not cross

cuts' strictly in the follo wing sense: W e only allo w end p oin ts of LoIs to b e placed

directly on a cut.

According to this view,

E

12

has two LoIs whic h

ha v e an iden tit y sp ot in

common, and this iden tit y

sp ot is placed on the cut.

This yields

� ( E

12

) := :*
:*

:* S

R
� :*

S

R

10



13th, 14th and 15th Example:

Ho w the touc hing LoI of E

12

can b e seen is elab orated in the next three examples.

Eac h graph has a ligature with three branc hes and a teriden tit y sp ot whic h,

according to rule C8 of Rob erts, expresses the iden tit y of the three attac hed

LoIs.

E

13

:=

P
R

S
, E

14

:=

P
S

R
, E

15

:=

P
S

R

It turns out that � maps E

13

{ E

15

to the same � -class,

namely the class of the graph on the righ t. In particular

E

13

{ E

15

ha v e the same meaning.

:*P
S

R

16th Example:

No w w e giv e an example of a graph in whic h a LoI

seems to touc h from the outside. W e consider the

follo wing EG:

E

16

:=

P

Q
R

E

16

has three LoIs. Tw o of them ha v e an iden tit y sp ot on the cut in common.

So E

16

has three predicate sp ots, eac h of them has one p eg, and t w o iden tit y

sp ots. So w e ha v e

� ( E

16

) := :* :* :*

:*

:*

R
Q

P
�

:*

:*

QP

R

17th, 18th and 19th Example:

Lik e for E

12

w e w an t to elab orate ho w the touc hing LoI of E

16

can b e treated.

E

17

:= R
P

Q
, E

18

:=

P
R

Q
, E

19

:= R
P

Q
Compare E

18

with the EG of Fig. 13 in [PS09 ]. In E

18

the teriden tit y sp ot is

placed on the cut and can therefore, according to rule C9, b e considered to

lie outside the cut. So it has to b e exp ected that E

17

and E

18

ha v e the same

meaning. W e ha v e indeed

� ( E

17

) := :*

:*

:*

:* :*

P

Q

R � :* :*

:*

:*

R

P

Q

=: � ( E

18

)

Note that b oth translations are equiv alen t to :*
P

Q
R

But w e ha v e

11



� ( E

19

) :=

:*

:* :*

:*
:* :*

P

Q
R �

:*

:*

:*

P

Q
R

Here are t w o asp ects remark able.

W e w an t to p oin t out that E

19

has a di�eren t meaning than E

17

and E

18

. More

precisely: E

17

and E

18

en tail E

19

, but not vice v ersa.

E

19

is furthermore our �rst example where the class of all concept graphs whic h

are � -equiv alen t to � ( E

19

) do es not

con tain a uniquely giv en elemen t with a

minimal n um b er of concept b o xes > : � .

F or E

19

w e ha v e two minimal graphs

whic h are not isomorphic, namely

:*

:*

P

Q

R
,

:*

:*

P

Q R

20th Example: Finally w e w an t to remark that

�

0

B

@ Q

R

S

P
1

C

A

:=

:*
:*

:*

:*

:* S

RP

Q
�

:*
S

R

Q

P

3 De�nitions

In this section w e attempt to pro vide a formal de�nition of EGs and a formal

de�nition of � . F or the formal de�nition of concept graphs with cuts see [Da01 ]

or [Da02 ].

W e w an t to note that P eirce's understanding of EGs dep ends on his understand-

ing of the con tin uum, and this understanding is v ery di�eren t from the set R .

F or this reason w e needed to discuss the seman tics of sev eral `b ordercases' of

EGs (for example: touc hing LoIs). Nev ertheless w e pro vide a mathematization

of EGs as a structure of lines and curv es in R

2

b ecause R

2

is the standard math-

ematization of the euclidean plane. So `formal replicas of EG' can b e understo o d

to b e de�ned as closely as p ossible to P eirce's replicas of EGs in con temp orary

mathematics.

De�nition 2. L et R := ( R

i

)

i 2 N

b e a family of �nite sets R

i

whose elements

ar e c al le d relation names . The elements of R

i

have the arity i .

A formal replica of an existen tial graph o v er R is a structur e

( L; ( �

l

)

l 2 L

; > ; C ut; ( �

c

)

c 2 C ut

; P ; ( �

p

)

p 2 P

) wher e

{ L , C ut , P ar e disjoint �nite sets which ar e c al le d lines of iden tit y , cuts and

predicate sp ots , r esp.,

{ > is a single element, the sheet of assertion ,

{ e ach �

l

, l 2 L is a di�er entiable function �

l

: [0 ; 1] ! R

2

such that for

x; y 2 [0 ; 1] with �

l

( x ) = �

l

( y ) we have x = y or f x; y g = f 0 ; 1 g

12



{ e ach �

c

, c 2 C ut is a di�er entiable and inje ctive function �

c

: S

1

! R

2

,

wher e S

1

is the cir cle in the euclide an plane with r adius 1 and c enter

~

0 .

{ e ach �

p

is a structur e ( R

p

; ~ x

p

; ( l

p;i

; x

p;i

)

i =1 ;::: ;k

) with R

p

2 R

k

, ~ x

p

2 R

2

and

l

p;i

2 L; x

p;i

2 f 0 ; 1 g for i = 1 ; : : : ; k (and we set k := ar ity ( p ) := ar ity ( R

p

) )

such that the fol lowing c onditions hold:

{ In tersection conditions

L et �

m

( x ) = �

n

( y ) for m; n 2 L [ C ut . Then we have

� f m; n g \ L 6= ; (i.e. cuts do not interse ct)

� m 2 L; n 2 C ut = ) x 2 f 0 ; 1 g and m 2 C ut; n 2 L = ) y 2 f 0 ; 1 g

We further supp ose that f (( m; x ) ; ( n; y )) j �

m

( x ) = �

n

( y ) ; m; n 2 L [ C ut g is

�nite.

{ Predicate Sp ots conditions

� F or e ach pr e dic ate sp ot �

p

:= ( R

p

; ~ x

p

; ( l

p;i

; x

p;i

)

i =1 ;::: ;ar ity ( p )

) we have

� �

l

p;i

( x

p;i

) = ~ x

p

for i = 1 ; : : : ; ar ity ( p )

� If �

l

( x ) = ~ x

p

with l 2 L and x 2 [0 ; 1] , then ( l ; x ) 2 f ( l

p;i

; x

p;i

) j

i = 1 ; : : : ; ar ity ( p ) g

� i 6= j implies ( l

p;i

; x

p;i

) 6= ( l

p;j

; x

p;j

)

� If we have two pr e dic ate sp ots p 6= q , then we have ~x

p

6= ~x

q

� F or e ach pr e dic ate sp ot p ther e is no cut c 2 C ut with ~x

p

2 �

c

[ S

1

]

Before w e de�ne � , w e �rst need some auxiliary de�nitions. F or this let E :=

( L; ( �

l

)

l 2 L

; > ; C ut; ( �

c

)

c 2 C ut

; P ; ( �

p

)

p 2 P

) b e an EG.

Let c 2 C b e a cut. The Jordan Curv e Theorem yields that �

c

partitions the

plane in to t w o disjoin t connected comp onen ts, one of whic h is b ounded and one

not b ounded. W e denote the b ounded comp onen t with in ( c ) and the un b ounded

comp onen t with out ( c ), and w e assume that the cut itself b elongs to out ( c ) (i.e.

�

c

[ S

1

] � out ( c )). F or the sheet of assertion w e set in ( > ) := R

2

and out ( > ) := ; .

Cuts ma y con tain eac h other (see for example Fig. 12 and 13 in [PS09 ]). This

induces canonically an order � on C ut [ f>g , whic h no w can b e de�ned as

follo ws: for c; d 2 C ut [ f>g w e set c < d : ( ) �

c

[ S

1

] � in ( d ).

Note that for c 2 C ut [ f>g , in ( c ) is the set of all p oin ts of the plane whic h are

enclosed b y c , ev en if they are deep er nested inside other cuts. The p oin ts of in ( c )

whic h are not deep er nested inside other cuts are said to b y dir e ctly enclosed.

The set of all directly enclosed p oin ts is the ar e a of a cut. So for c 2 C ut [ f>g

w e set ar ea

E

( c ) := in ( c ) n

S

d<c

in ( d ).

R

2

is the disjoin t union of all sets ar ea

E

( c ). So w e can de�ne a mapping cut

E

:

R

2

! C ut [ f>g with ~ x 2 ar ea

E

( cut

E

( ~ x )) for eac h ~ x 2 R

2

.

Finally w e set H ook := f ( ~x

p

; i ) j p 2 P ^ 1 � i � ar ity ( p ) g , P r S pot := f ~x

p

2 R

2

j

p 2 P g and I dS pot := f ~ x 2 R

2

j 9 l 2 L: 9 x 2 f 0 ; 1 g :�

l

( x ) = ~ x gn P r S pot .

De�nition 3. L et E := ( L; ( �

l

)

l 2 L

; > ; C ut; ( �

c

)

c 2 C ut

; P ; ( �

p

)

p 2 P

) b e a formal

instanc e of an existential gr aph. Then let � ( E ) := ( V ; E ; � ; > ; C ut; ar ea; �; � ) b e

the fol lowing c onc ept gr aph with cuts:

{ V := I dS pot

:

[ H ook and E := P

:

[ L ,

13



{ � is de�ne d as fol lows:

� F or p 2 P we set � ( p ) := (( ~x

p

; 1) ; : : : ; ( ~x

p

; ar ity ( p ))

� F or l 2 L we set � ( l ) := ( �

l; 0

; �

l; 0

) with

�

l;x

:=

�

~ x if �

l

( x ) 2 I dS pot

( ~ x ; i ) if ther e is a p 2 P with l

p;i

= l and x

p;i

= x ;

{ F or c 2 C ut [ f>g we set

ar ea ( c ) := f d 2 C ut j �

d

[ S

1

] � ar ea

E

G ( c ) g

:

[ f ~ x 2 I D S pot j cut

E

( ~ x ) = c g

:

[ f ( ~ x ; i ) 2 H ook j cut

E

( ~ x ) = c g

:

[ f l 2 L j cut

E

( �

l

(

1

2

)) = c g ;

{ � ( v ) := > for v 2 V , � ( p ) := R

p

for p 2 P , � ( l ) := id for l 2 L , and

{ � ( v ) := > for al l v 2 V .
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