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Abstract. The aim of this pap er is to mathematically in tro duce nega-

tion to concept graphs (whic h are a mathematical mo di�cation of concep-

tual graphs) as a w ell-de�ned syn tactical construct. First o�, w e discuss

some questions whic h arise when negations for conceptual graphs are

de�ned. In our view, a solution for these questions is to express nega-

tions b y cuts in the sense of P eirce's theory of existen tial graphs. A

set-theoretical seman tics for (nonexisten tial) concept graphs with cuts is

dev elop ed in the framew ork of con textual logic. A mo di�cation of P eirce's

alpha-calculus, whic h is sound and complete, is presen ted.

1 Motiv ation

Conceptual graphs are based on the existential gr aphs of Charles Sanders P eirce.

These graphs consist of lines called lines of identities , predicate names of arbi-

trary arit y and o v als around subgraphs whic h are used to negate the enclosed

subgraph. The follo wing three examples are w ell kno wn:

CA T MA TON CA T MA TON

�
�

�
�

CA T MA TON

�
�

�
�

The meanings of these graphs are: `a cat is on a mat', `no cat is on an y mat'

and `there is a cat and there is a a mat suc h that the cat is not on the mat'.

As P eirce sa ys, "That a prop osition is false is a lo gic al statemen t ab out it, and

therefore in a logical system deserv es sp ecial treatmen t." ([P e98 ]). The graphi-

cal elemen t oval whic h P eirce used to negate its enclosure has b een transferred

to con text b o xes in conceptual graphs. These b o xes are used to express that

some information is v alid in sp eci�c con texts or situations. Hence, the c harac-

ter of negation as logical op erator in existen tal graphs c hanged to a metalev el

c haracter in conceptual graphs. Of course, in kno wledge represen tation and nat-

ural language, negations are una v oidable. So the feature to express negations is

desirable in concept graphs.

T o handle negation in concept graphs, w e need to ac hiev e the follo wing aims:

F or the mathematical treatmen t, formation rules for the w ell-formed form ulas

m ust exist that can express negations, and negation has to b e co v ered b y rules

of inference. T o do this in the spirit of P eirce, the seman tics of negation has

to b e in telligible, and the graphical represen tation of negations m ust b e easily

readable and in tuitiv ely understandable (whic h has b een an imp ortan t goal in

the theory of conceptual graphs from the v ery b eginning, to o).

Negations o ccur in sev eral approac hes for conceptual graphs. Wh y w e do not

adopt and mathematizise one of these approac hes shall b e explained in the rest

of this section.

In order to handle negations, a sp eci�c syn tactical elemen t of the w ell-formed

form ulas has to b e declared to express them. F or this purp ose, the standard ap-

proac h use a con text b o x of t yp e Proposition whic h is link ed to a unary relation

of t yp e neg ([So99 ]). Sometimes, these sp ecial con text b o xes are abbreviated b y

con text b o xes of t yp e Negation (e.g. [So00 ]) or b y dra wing a simple rectangle

with the mathematical negation sym b ol : ([So99]). Some approac hes use these

rectangles without declaring whether the b o x is a sp eci�c syn tactical elemen t or

just an abbreviation for con text b o xes of a sp eci�c t yp e (e.g. [W e95 ]). But b oth

a calculus and a translation of conceptual graphs in to other formal languages

(lik e the translation to �rst order logic with the � -op erator), ha v e to resp ect the

logical role of negation.

So, if negation is expressed just b y sp ecial con text b o xes, an y calculus and

an y tranlation has to treat these sp ecial con text b o xes di�eren tly from all other

con text b o xes. F or example, if negation is expressed b y con text b o xes of t yp e

Negation , a calculus should allo w the nested b o xes in the follo wing graph to b e

erased (and vice v ersa, to b e in tro duced again):

: : :

�
�

�
�

. . .

NEGA TION:

NEGA TION:

This seems to b e not p ossible in an y calculus whic h do es not treat the nega-

tion b o xes separately (lik e the calculus of Prediger ([Pr98b ]) or an y calculus

whic h is based on pro jections).

If negation is expressed with con texts of t yp e Proposition , link ed to a unary

relation neg , another di�cult y app ears. This shall b e sho wn b y the follo wing t w o

conceptual graphs:

CA T

�
�

�
�

MA T

on

and

CA T

�
�

�
�

MA T

on

PR OPOSITION:

The �rst graph is w ell kno wn: Its meaning is `a cat is on a mat'. In particular,

the graph claims to b e true. The meaning of the second graph is, strictly sp eak-

ing, `there exists a prop osition, whic h states that a cat is on a mat' ([So99 ]),

and therefore di�eren t to the meaning of the �rst graph. Indeed; in none of the

common calculuses, one graph can b e deriv ed from the other one. Hence it is

problematic to express the negation of the �rst graph b y the second graph with

a relation neg .

T o summarize: It seems to b e di�cult to in tro duce negation as a sp ecial

con text b o x. These con text b o xes ha v e to b e treated di�eren tly to other b o xes

in the calculus and in an y translation from conceptual graphs to other formal

languages (lik e the op erator � ). This yields the follo wing conclusion: F or the

mathematical treatmen t of negation in concept graphs, in the de�nition of their

w ell-formed form ulas there should b e a sp eci�c syn tactical elemen t whic h is used

to express negation.



The next step has to clarify the seman tics, i.e. the meaning, of negation.

T o prepare this, w e will discuss a small example. Consider the true prop osition

`the pain ter Rem brandt created the pain ting `the nigh t w atc h", whic h can b e

translated to the follo wing conceptual graph:

P AINTER: Rem brandt

�



�
	

P AINTING: the nigh t w atc h

create

This graph represen ts not only the information that Rem brandt created `the

nigh t w atc h', but also that Rem brandt is a pain ter and `the nigh t w atc h' is a pain t-

ing. No w, consider the pain ting `a starry nigh t' instead of `the nigh t w atc h'. This

pain ting w as created b y v an Gogh, so the prop osition `the pain ter Rem brandt

did not create the pain ting `the starry nigh t" is true. Ho w can this prop osition

b e transformed to a conceptual graph? The follo wing graph is a �rst attempt:

P AINTER: Rem brandt

�



�
	

P AINTING: the starry nigh t

create

This graph is not the translation of the former prop osition: In the prop osition,

only the v erb `to create' is negated, but in the graph, the negation b o x also

encloses the information that Rem brandt is a pain ter and `the starry nigh t' is a

pain ting. The information in the concept b o xes can fail, to o, as can b e seen in

the follo wing graph:

COMPOSER: v an Gogh

�



�
	

P AINTING: the starry nigh t

create

This graph is true although v an Gogh did create `the starry nigh t'. In par-

ticular, this graph should not b e read as

The c omp oser V an Go gh did not cr e ate the p ainting `a starry night'.

But this understanding is suggested when So w a in [So00 ] sa ys, that the meaning

of the graph [Negation: [Cat: Yoyo] ! (On) ! [Mat]] is `the graph denies that

the cat Y o y o is on a mat'. No w, the goal is to negate only the v erb `to create'

in the false prop osition `the pain ter Rem brandt created the pain ting `the starry

nigh t". This problem has already b een addressed, one approac h for its solution

is the follo wing graph:

> : �

P AINTER: Rem brandt

�



�
	

> : �

P AINTING: the starry nigh t

create

Fig. 1. CG for `the pain ter Rem brandt did not create the pain ting `a starry nigh t"

Indeed, this graph expresses the prop osition `the pain ter Rem brandt did not

create the pain ting `the starry nigh t'. But ob viously , the aim of making concep-

tual graphs easily readable and in tuitiv ely understandable is not ful�lled.

Expressing iden tit y in conceptual graphs with coreference-links or coreference-

sets leads to another class of di�culties. In particular, the meaning of coreference-

links connected to a concept b o x within a negation is not straigh tforw ard. This

shall b e explained next:

In conceptual graphs, coreference-links (whic h are used to express coreference-

sets ([So99 ])) are used to express the iden tit y of t w o en tities: "Tw o concepts that

refer to the same individual are coreferen t. [. . . ] T o sho w that they are corefer-

en t, they are connected with a dotted line, called a c or efer enc e link ." ([So92 ]).

Consider the follo wing graph:

> : � > : � > : �

Fig. 2. conceptual graph for 9 x 9 y :x 6= y

According to So w a ([So00 ]), the op erator � translates this graph in to the �rst

order logic form ula 9 x 9 y :9 z ( z = x ^ z = y ), whic h is equiv alen t to 9 x 9 y :x 6= y . In

particular, the three concept b o xes cannot refer to the same individual. Note that

� assigns di�eren t v ariables to the generic mark ers of di�eren t concept b o xes,

ev en if they are connected with a coreference-link. These v ariables are explicitly

set to b e equal in the form ula, and they are equated inside the ne gate d p art of

the form ula. But since the links in the graph lo oks symmetric, it is not clear

to a reader wh y the equating in the form ula is placed inside and not outside of

the negated subform ula. This am biguit y can b e seen ev en b etter in the follo wing

example:

P AINTER: Rem brandt

P AINTER: V an Gogh

If � translates this graph to P AI N T E R ( R ) ^ : ( R = V G ^ P AI N T E R ( V G )),

the resulting form ula is true, but if � translates this graph to P AI N T E R ( R ) ^

R embr andt = V G ^ : ( P AI N T E R ( V G )) the resulting form ula is not true (the

names in the form ulas are abbreviated b y R and V G ). Hence, in order to under-

stand the righ t meaning of this graph, the reader m ust ha v e in mind the implicit

agreemen t that equalit y is alw a ys placed in the inner con text.

If w e accept this meaning of corerence links, the next step is is to mak e

clear whic h syn tactical elemen t in the w ell-formed form ulas is used for them,

and ho w they are handled b y a calculus. In the abstract syn tax of conceptual

graphs ([So99 ]), coreference-links are generalized to coreference-sets. F or exam-

ple, Figure 2 has t w o coreference sets whic h are represen ted b y coreference-links.

Coreference-sets are su�cien t to handle coreference in conceptual graphs with

negations. But still rules are needed that treat these sets in a sound and com-

plete w a y (for example, there ha v e to b e rules whic h allo w a link to b e dra wn or

erased from a concept b o x to itself ). Some calculuses lac k rules lik e this.

T o summarize again: In tro ducing coreference sets to express iden tit y ma y

lead to misunderstandings of their meaning and to gaps in their syn tactical

implemen tation.



T o cop e with all the men tioned problems, w e suggest the follo wing: First,

negations should b e in tro duced as a new syn tactical elemen t, namely the o v als

of P eirce, whic h can b e dra wn around arbitrary parts of a conceptual graph. T o

distinguish these o v als from the o v als whic h are dra wn around relation names,

w e prop ose dra wing them in b old. F or example, in

P AINTER: Rem brandt

�



�
	

P AINTING: the starry nigh t

create

only the relation create has to b e negated, and in

COMPOSER: v an Gogh

�



�
	

P AINTING: the starry nigh t

create

only the concept b o x COMPOSER: v an Gogh has to b e negated. The result-

ing conceptual graphs are:

P AINTER: Rem brandt

�



�
	

P AINTING: the starry nigh t

create

�
�

�
�

COMPOSER: v an Gogh

�



�
	

P AINTING: the starry nigh t

create

�
�

�
�

Because the presen t in terpretation of coreference-links is not in tuitiv e in some

sense, w e suggest to in tro duce a sp ecial binary relation id (as in �rst order logic).

The adv an tages of this approac h are

1. id can b e trated lik e other relations and

2. the iden tit y can b e negated without loss of readabilit y .

In our view this yields a more understandable notion of iden tit y (as understo o d

in mathematics). F or example, the meaning of the graph

> : �

�
�

�
�

id

> : �

�
�

�



Fig. 3. CG with negation o v als for 9 x 9 y :x 6= y

is `there exist at least t w o things'. Th us, it has the same meaning as the graph

in Figure 2, but is m uc h simpler. F urthermore, it sho ws that id is a prop er

syn tactical extension and not a direct mathematization of coreference links.

Since the syn tactical elemen ts whic h allo w negations and iden tit y are ex-

tended and in this approac h, ev ery conceptual graph with negation b o xes and

coreference-links can b e translated in to a concept graph with negation o v als

and the relation id . Of course, negation b o xes (for example, con text b o xes of

t yp e Negation ) are translated to negation o v als. A coreference-link b et w een t w o

con text b o xes is translated in to a relation id b et w een the b o xes suc h that the

relation no de id is placed in the negation o v al of the dominated con text b o x. W e

will exemplify this with the follo wing: The conceptual graph

> : � > : � > : �

is translated to the follo wing conceptual graph with negation o v als and the re-

lation id :

> : �

�



�
	

id

> : �

�



�
	

id

> : �

�
�

�
�

Fig. 4. another CG with negation o v als for 9 x 9 y :x 6= y

This graph can b e transformed to the graph in Figure 3, whic h has the same

meaning, but lo oks m uc h simpler. On the other hand, concept graphs with nega-

tion o v als and the relation id can b e translated to graphs with negation b o xes

and coreference-links. But b ecause negation o v als need not include subgraphs,

but arbitrary subsets of concept no des and relations no des, this translation is

more complicated than the translation in the other direction. F or example: Be-

fore the graph in Figure 3 can b e translated, it has to b e transformed in to the

graph in Figure 4.

The approac h w e presen t here is closely related to the original ideas of P eirce.

It is easier to mathematize than approac hes based on concept b o xes of a sp eci�c

t yp e. In this pap er, our approac h shall b e elab orated for simple concept graphs

without generic mark ers, but with negation o v als and the relation id . In partic-

ular, the syn tax for these graphs is de�ned, an extensional seman tics for these

graphs is in tro duced (whic h is based on p o w er con text families), and a sound

and complete calculus is presen ted. F urthermore, this approac h allo ws to de�ne

mathematically the op erator � on simple concept graphs (whic h maps graphs

to �rst order logic form ulas) and its in v erse op erator 	 (whic h maps �rst order

logic form ulas to graphs) suc h that b oth resp ect the (syn tactical or seman tic)

en tailmen t relation on graphs and form ulas, resp ectiv ely . In particular, the ex-

pressiv eness of simple graphs and �rst order logic form ulas is the same. This will

b e elab orated in a w ork whic h is in progress no w.

2 Basic De�nitions

Simple concept graphs are in tro duced b y Prediger in [Pr98b ] as mathematically

de�ned syn tactical constructs. W e tak e in to accoun t her approac h and extended

it to include the p ossibily to express negations b y using cuts and the p ossibilit y

to express iden tit y b y using a sp ecial binary relation id .

First w e ha v e to start with ordered sets of names for ob jects, names and

relations. These orders represen t the conceptual on tology of the domain w e con-

sider.

De�nition 1. A n alphab et of conceptual graphs is a trip el A := ( G ; C ; R ) such

that

{ G is a �nite set whose elements ar e c al le d ob ject names

{ ( C ; �

C

) is a �nite or der e d set with a gr e atest element > whose elements ar e

c al le d concept names

{ ( R ; �

R

) is a union of �nite or der e d sets ( R

k

; �

R

k

) , k = 1 ; : : : ; n (for an

n 2 N with n � 1 ) whose elements ar e c al le d relation names . L et id 2 R

2

.



No w w e can de�ne the underlying structures of concept graphs with cuts.

This de�nition extends the de�nition of directed m ulti-h yp ergraphs giv en in

[Pr98b ] b y cuts, so that negations can b e expressed.

De�nition 2. A directed m ulti-h yp ergraph with cuts (of t yp e n ) is a structur e

( V ; E ; � ; C ut; ar ea ) such that

{ V and E ar e �nite sets whose elements ar e c al le d v ertices and edges , r esp e c-

tively,

{ � : E !

S

n
k =1

V

k

(for a n 2 N ; n � 1 ) is a mapping,

{ C ut is a �nite set whose elements ar e c al le d cuts and

{ ar ea : C ut ! P ( V [ E [ C ut ) is a mapping such that c =2 ar ea ( c ) for e ach

c 2 C ut and, for two cuts c

1

; c

2

with c

1

6= c

2

, exactly one of the fol lowing

c onditions holds:

i) f c

1

g [ ar ea ( c

1

) � ar ea ( c

2

) ,

ii) f c

2

g [ ar ea ( c

2

) � ar ea ( c

1

) ,

iii) ( f c

1

g [ ar ea ( c

1

)) \ ( f c

2

g [ ar ea ( c

2

)) = ; .

F or an e dge e 2 E with � ( e ) = ( v

1

; : : : ; v

k

) we de�ne j e j := k and � ( e )

�
�

i

:= v

i

.

F or e ach v 2 V , let E

v

:= f e 2 E j 9 i : � ( e )

�
�

i

= v g , and analo gously for e ach

e 2 E , let V

e

:= f v 2 V j 9 i : � ( e )

�
�

i

= v g . If it c annot b e misundersto o d, we

write e

�
�

i

inste ad of � ( e )

�
�

i

.

The notion of cuts and ar e as is closely related to the ideas of P eirce, as they

are describ ed in the w ork of Rob erts (see [Ro73 ]). P eirce negated parts of an

existen tial graph just b y dra wing an o v al around it. This o v al (more exactly just

the line whic h is dra wn on the sheet of assertion) is called a cut . In particular, a

cut is not a graph. The space within a cut is called its close or ar e a . So the area

of a cut c con tains v ertices, edges and other cuts, ev en if they are deep er nested

inside other cuts, but not the cut c itself. All the edges, v ertices and cuts in the

area of c are said to b e enclose d by c .

Cuts do not in tersect eac h other b y the de�nition of P eirce. So for t w o dif-

feren t cuts c

1

; c

2

, exactly one of the follo wing cases o ccurs:

{ c

1

and its area is en tirely enclosed b y c

2

,

{ c

2

and its area is en tirely enclosed b y c

1

,

{ c

1

and its area and c

2

and its area ha v e nothing in common.

Ob vioulsy , these three cases coincide with the three conditions for the map-

ping ar ea in De�nition 2. No w, let us �rst men tion some simple prop erties for

the mapping ar ea whic h can b e sho wn easily:

{ c

1

6= c

2

^ ar ea ( c

1

) = ar ea ( c

2

) = ) ar ea ( c

1

) = ar ea ( c

2

) = ;

{ ; ( ar ea ( c

1

) ( ar ea ( c

2

) = ) c

1

2 ar ea ( c

2

)

{ c

1

2 ar ea ( c

2

) = ) ar ea ( c

1

) � ar ea ( c

2

)

In man y cases it mak es sense to treat the outermost con text, the sheet of

assertion, as an (additional) cut. If w e abbreviate the sheet of assertion b y > ,

w e immediately come to the follo wing de�nition:

De�nition 3. If C ut is a set of cuts of a dir e cte d multi-hyp er gr aph with cuts and

if ar ea is the appr opriate mapping, then let C ut

>

:= C ut

_

[ f>g and ar ea ( > ) :=

V [ E [ C ut .

It is easy to see that this extension still satis�es the conditions for the map-

ping ar ea whic h are giv en in De�nition 2. This means that the prop erties w e

ha v e just sho wn for C ut hold for C ut

>

, to o.

By c

1

� c

2

: ( ) c

1

2 ar ea ( c

2

) a canonical ordering on C ut

>

, whic h is a tree

with > as greatest elemen t, is de�ned. This can b e v eri�ed with the prop erties

for the mapping ar ea .

Ob viously , eac h edge and v ertex is enclosed dir e ctly (and not deep er nested)

in a uniquely giv en cut c . F or the further w ork, the notion of a sub gr aph is needed.

It seems to b e eviden t that a subgraph is enclosed directly in a uniquely giv en cut

c , to o. The notions of b eing dir e ctly enclose d and sub gr aph shall b ecome precise

through the follo wing de�nition:

De�nition 4. L et G = ( V ; E ; � ; C ut; ar ea ) b e a dir e cte d multi-hyp er gr aph with

cuts.

{ F or e ach k 2 V [ E [ C ut we de�ne

cut ( k ) := min f c 2 C ut

>

j k 2 ar ea ( c ) g

cut ( k ) is c al le d the cut of k and cut ( k ) is said to enclose directly the vertex

(the e dge, the cut) k .

{ The gr aph G

0

= ( V

0

; E

0

; �

0

; C ut

0

; ar ea

0

) is c al le d a subgraph of G in the cut

c if c 2 C ut

>

is the smal lest cut such that the fol lowing c onditions hold:

� V

0

� V ; E

0

� E ; C ut

0

� C ut and the mappings �

0

and ar ea

0

ar e just

the r estrictions of � and ar ea to E

0

r esp. C ut

0

(and ar e ther efor e wel l

de�ne d),

� ar ea ( c

0

) � V

0

[ E

0

[ C ut

0

for e ach c

0

2 C ut

0

,

� cut ( k

0

) 2 C ut

0

[ f c g for e ach k

0

2 V

0

[ E ` [ C ut

0

,

� v 2 V

0

for e ach e dge e

0

2 E

0

and every vertex v 2 V

e

.

We write: G

0

� G and cut ( G

0

) = c .

Note, that for eac h v ertex (or edge, cut or subgraph), the set of all cuts

con taining the v ertex forms a c hain. If the n um b er of cuts enclosing the v ertex

is ev en, the edge is said to b e evenly enclose d , and analogously , if the n um b er is

o dd, the v ertex is said to b e o dd ly enclose d . More formally:

De�nition 5. L et G = ( V ; E ; � ; C ut; ar ea ) b e a dir e cte d multi-hyp er gr aph with

cuts, let k b e a sub gr aph or an element of V [ E [ C ut

>

. L et n b e the numb er of

cuts which enclose k ( n := jf c 2 C ut j c 2 ar ea ( c ) gj ). If n is even, k is said to

b e ev enly enclosed , otherwise k is said to b e o ddly enclosed . A n evenly enclose d

cut is c al le d p ositiv e , an o dd ly enclose d cut is c al le d negativ e .

No w, the structure of simple concept graphs with cuts is deriv ed from the

structure of directed m ulti-h yp ergraphs with cuts b y additionally lab eling the



v ertices and edges with concept names and relation names, resp ectiv ely , and

b y assigning a reference to eac h v ertex. In particular all de�nitions concerning

directed m ulti-h yp ergraphs with cuts can b e transferred to concept graphs. So

in the follo wing w e will deal with subgraphs of concept graphs etc.

De�nition 6. A (nonexisten tial) simple concept graph with cuts o v er the al-

phab et A is a structur e G := ( V ; E ; � ; C ut; ar ea; �; � ) , wher e

{ ( V ; E ; � ; C ut; ar ea ) is a dir e cte d multi-hyp er gr aph with cuts

{ � : V [ E ! C [ R is a mapping such that � ( V ) � C and � ( E ) � R , and al l

e 2 E with v ( e ) = ( v

1

; : : : ; v

k

) satisfy � ( e ) 2 R

k

{ � : V ! G is a mapping

It is not clear what a graph con taining v ertices with more than one ob ject,

enclosed b y a cut, means, and this migh t lead to misunderstandings. F or this

reason, the mapping � maps v ertices only to elemen ts of G , not to subsets of

G (in con trast to the de�nition of Prediger in [Pr98b ]). F urthermore, � can b e

naturally extended to the edges: If e is an edge with v ( e ) = ( v

1

; : : : ; v

k

), let

� ( e ) := ( � ( v

1

) ; : : : ; � ( v

n

)).

3 Seman tics

Usually , a seman tics for conceptual graphs is giv en b y a translation of graphs in to

form ulas of �rst order logic, hence in to form ulas of another syn tactically giv en

structure. In Prediger (cf. [Pr98a ], [Pr98b ]), a di�eren t approac h is presen ted.

There, an extensional seman tics whic h is based on p o w er con text families as

mo del structures is in tro duced. The motiv ation for this c ontextual semantics

can b e read in [Pr98a ]. With this seman tics, Prediger dev elops a seman tical

en tailmen t relation b et w een concept graphs, and a sound and complete calculus

for this en tailmen t relation is presen ted. No w this approac h shall b e extended to

concept graphs with cuts.

In concept graphs without cuts, only the conjunction of p ositiv e information

can b e expressed. F or this reason it w as p ossible for Prediger to construct for

eac h concept graph a standard mo del in whic h all the information of the concept

graph is enco ded. Standard mo dels ha v e b een an additional p ossibilit y (b esides

the en tailmen t relation and the calculus) for doing reasoning with concept graph.

If negations are used, one can express with concept graphs the disjunction of

pieces of information. But disjunction of information can not b e canonically

enco ded in standard mo dels. Th us if w e in tro duce negations to concept graphs,

unfortunately the construction of standard mo dels has to b e dropp ed.

No w, let us recall the basic de�nitions of Prediger.

De�nition 7. A p o w er con text family

~

K := ( K

0

; : : : ; K

n

) of typ e n (for an

n 2 N ) is a family of c ontexts K

k

:= ( G

k

; M

k

; I

k

) that satis�es G

k

� ( G

0

)

k

for

e ach k = 1 ; : : : ; n . Then we write

~

K := ( G

k

; M

k

; I

k

)

k =0 ;:::;n

. The elements of the

set R

~
K

:=

S

n
k =1

B ( K

k

) ar e c al le d relation-concepts .

In terpreting a concept graph in a p o w er con text family , the ob ject names will

b e in terpreted b y ob jects, e.g. b y elemen ts of the set G

0

. The concept names of

our alphab et will b e in terpreted b y concepts in the con text K

0

, and relation

names of arit y k will b e in terpreted b y relation-concepts in the con text K

k

. Of

course, ev ery reasonable in terpretation has to resp ect the orders on the names.

This leads to the follo wing de�nition:

De�nition 8. F or an alphab et A := ( G ; C ; R ) and a p ower c ontext family

~

K , we

c al l the union � := �

G

_

[ �

C

_

[ �

R

of the mappings �

G

: G ! G

0

, �

C

: C ! B ( K

0

)

and �

R

: R ! R

~
K

a

~

K -in terpretation of A , if �

C

and �

R

ar e or der-pr eserving,

�

C

( > ) = > , �

R

( R

k

) � B ( K

k

) for al l k = 1 ; : : : ; n , and ( g

1

; g

2

) 2 �

R

( id ) ,

g

1

= g

2

for al l g

1

; g

2

2 G hold. The tup el (

~

K ; � ) is c al le d con text-in terpretation

of A or, ac c or ding to classic al lo gic, A -structure .

Recall that w e de�ned � ( e ) := ( � ( v

1

) ; : : : ; � ( v

n

)) for edges e with v ( e ) =

( v

1

; : : : ; v

k

). Because �

G

is a mapping on the set G of ob ject names, it can b e

naturally extended to tup els of ob ject names. In particular w e get �

G

( � ( e )) :=

( �

G

( � ( v

1

)) ; : : : ; �

G

( � ( v

n

))).

No w w e can de�ne whether a concept graph is v alid in an A -structure. This

is done in a canonical w a y:

De�nition 9. L et

~

K b e a p ower c ontext family and let G b e a c onc ept gr aph.

Inductively over c 2 C ut

>

, we de�ne

~

K j = G [ c ] in a c anonic al way:

~

K j = G [ c ] ( )

{ �

G

( � ( v )) 2 E xt ( �

C

( � ( v ))) for e ach v 2 V with cut ( v ) = c (vertex c ondition)

{ �

G

( � ( e )) � E xt ( �

R

( � ( e ))) for e ach e 2 E with cut ( e ) = c (e dge c ondition)

{

~

K 6j = G [ c

0

] for e ach c

0

2 C ut with cut ( c

0

) = c (iter ation over C ut

>

)

F or

~

K j = G [ > ] we write

~

K j = G .

If we have two c onc ept gr aphs G

1

, G

2

such that

~

K j = G

2

for e ach A -structur e

with

~

K j = G

1

, we write G

1

j = G

2

.

In tuitiv ely ,

~

K j = G [ c ] can b e read as

~

K j = G

�
�

ar ea ( c )

. But note that generally

ar ea ( c ) is not a subgraph of G . Therefore this should not b e understo o d as a

precise de�nition.

4 Calculus

The follo wing calculus is based on the � -calculus of P eirce for existen tial graphs

without lines of iden tit y . These existen tial graphs consist only of prop ositional

v ariables and o v als and are equiv alen t to prop ositional calculus.

F or the sak e of in telligibilit y , the whole calculus is describ ed using common

sp ok en language. Only the rules `erasure', `iteration', and `merging t w o v ertices'

will b e describ ed in a mathematically precise manner to sho w that using full



sen tences do es not imply the loss of precision. This precision is de�nitely nec-

essary b ecause there m ust not b e an y p ossibilit y for misunderstandings of the

rules. The rule `iteration' for example, sa ys that a subgraph of a graph can b e

copied in to the same or a nested con text. If this is to ha v e a unique meaning,

one requires a precise de�nition of `subgraph' and `same or nested con text'.

First, w e presen t the whole calculus. The �rst �v e rules of the calculus are

the original rules of P eirce's � -calculus. The further rules are needed to encom-

pass the orders on the concept- and relation names, to encompass the sp ecial

prop erties of the concept name > and the relation name id and to deal with the

p ossibilit y that di�eren t v ertices can ha v e the same reference.

De�nition 10. The c alculus for (nonexistential) simple c onc ept gr aph with cuts

over the alphab et A .

{ erasure

In p ositive cuts, any dir e ctly enclose d e dge, isolate d vertex and close d sub-

gr aph may b e er ase d.

{ insertion

In ne gative cuts, any dir e ctly enclose d e dge, isolate d vertex and close d sub-

gr aph may b e inserte d.

{ iteration

L et G

0

:= ( V

0

; E

0

; �

0

; �

0

; �

0

; C ut

0

) b e a sub gr aph of G and let �c � cut ( G

0

)

b e a cut such that �c =2 C ut

0

. Then a c opy of G

0

may b e inserte d into �c .

{ deiteration

If G

0

is a sub gr aph of G which c ould have b e en inserte d by rule of iter ation,

then it may b e er ase d.

{ double negation

Double cuts (two cuts c

1

; c

2

with cut

� 1

( c

2

) = f c

1

g ) may b e inserte d or er ase d.

{ isomorphism

A gr aph may b e substitute d by an isomorphic c opy of itself.

{ generalization

F or evenly enclose d vertic es and e dges the c onc ept names r esp e ctively r elation

names may b e gener alize d.

{ sp ecialization

F or o dd ly enclose d vertic es and e dges the c onc ept names r esp e ctively r elation

names may b e sp e cialize d.

{ > -rule

F or e ach obje ct name g , an isolate d vertex > : g may b e inserte d or er ase d

in arbitr ary cuts.

{ merging t w o v ertices

F or e ach obje ct name g , a vertex > : g may b e mer ge d into a vertex P : g

(i.e. > : g is er ase d and, for every e dge e , e ( i ) = > : g is substitute d by

e ( i ) = P : g ).

Two vertic es in the same cut and with the same r efer enc e may b e mer ge d.

{ rev erse merging of t w o v ertices

A mer ging of two vertic es may b e r everse d.

{ rules of iden tit y

� r e
exivity

F or arbitr ary vertic es v e dges e with � ( e ) = id , cut ( e ) = cut ( v ) and

e

�
�

1

= e

�
�

2

= v may b e inserte d or er ase d.

� symmetry

If e is an e dge with � ( e ) = id , then e may b e substitute d by an e dge e

0

which ful�l ls e

0

�
�

1

= e

�
�

2

, e

0

�
�

2

= e

�
�

1

and cut ( e

0

) = cut ( e ) .

� tr ansitivity

If e

1

, e

2

ar e two e dges with � ( e

1

) = � ( e

2

) = id , cut ( e

1

) = cut ( e

2

) and

e

1

�
�

2

= e

2

�
�

1

, then e dges e with � ( e ) = id , cut ( e ) = cut ( e

1

) , e

�
�

1

= e

1

�
�

1

and e

�
�

2

= e

2

�
�

2

may b e inserte d or er ase d.

� c ongruenc e

If e is an e dge with � ( e

�
�

1

) = g

1

, � ( e

�
�

1

) = g

2

and � ( e ) = id , then � ( e

�
�

1

) =

g

1

may b e substitute d by � ( e

�
�

1

) = g

2

.

T o see ho w these rules can b e written do wn mathematically , here are the

precise de�nitions for the rules `erasure', `iteration' and `merging t w o v ertices'.

{ If G := ( V ; E ; � ; �; �; C ut ) is a concept graph with the closed subgraph G

0

:=

( V

0

; E

0

; �

0

; �

0

; �

0

; C ut

0

) and if �c is a cut with �c =2 C ut

0

, then let G

0

b e the

follo wing graph:

� V

0

:= V � f 1 g [ V

0

� f 2 g

� E

0

:= E � f 1 g [ E

0

� f 2 g

� �

0

(( e; i )) = (( v

1

; i ) ; : : : ; ( v

n

; i )) for ( e; i ) 2 E

0

and � ( e ) = ( v

1

; : : : ; v

n

)

� �

0

(( e; i )) := � ( e ) and �

0

(( v ; i )) := � ( v ) for all ( e; i ) 2 E

0

, ( v ; i ) 2 V

0

� �

0

(( v ; i )) = � ( v ) for all ( v ; i ) 2 V

0

� C ut

0

:= C ut � f 1 g [ C ut

0

� f 2 g

� ar ea

0

is de�ned as follo ws: Let c 2 C ut .

for c 2 C ut

0

let ar ea

0

(( c; 2)) := ar ea ( c ) � f 2 g

for c 6� �c let ar ea

0

(( c; 1)) := ar ea ( c ) � f 1 g

for c � �c let ar ea

0

(( c; 1)) := ar ea ( c ) � f 1 g [ ( V

0

[ E

0

[ C ut

0

) � f 2 g

Then w e sa y that G

0

is deriv ed from G b y iter ating the sub gr aph G

0

into the

cut �c .

{ If G := ( V ; E ; � ; �; �; C ut ) is a concept graph with the closed subgraph G

0

:=

( V

0

; E

0

; �

0

; �

0

; �

0

; C ut

0

), then let G

0

b e the follo wing graph:

� V

0

:= V n V

0

� E

0

:= E n E

0

� �

0

:= � j

E

0

� �

0

:= � j

V

0

[ E

0

� �

0

:= � j

V

0

� C ut

0

:= C ut n C ut

0

� ar ea

0

( c

0

) := ar ea ( c

0

)

�
�

V

0

[ E

0

C ut

0

Then w e sa y that G

0

is deriv ed from G b y er asing the sub gr aph G

0

.

{ If G := ( V ; E ; � ; �; �; C ut ) is a concept graph with t w o v ertices v

1

; v

2

2 V ,

then let G

0

b e the follo wing graph:

� V

0

:= V nf v

1

g



� E

0

:= E

� �

0

is de�ned as follo ws: F or � ( e )

�
�

i

= v let �

0

( e )

�
�

i

=

�

v v 6= v

1

v

2

v = v

1

.

� �

0

:= � j

V

0

[ E

� �

0

:= � j

V

0

� C ut

0

= C ut

� ar ea

0

( c

0

) := ar ea ( c

0

)

�
�

V

0

[ E [ C ut

Then w e sa y that G

0

is deriv ed from G b y mer ging v

2

into v

1

.

These rules are sound and complete with resp ect to the giv en seman tics (see

Theorem 1). Instead of pro ving this theorem formally , some heuristics for the

rules are presen ted.

First note, that all the rules are in some sense dually symmetric with resp ect

to p ositiv e and negativ e cuts. More precisely , ev ery rule whic h can b e applied in

one direction in p ositiv e cuts can b e applied in the opp osite direction in negativ e

cuts, and vice v ersa. So if a rule can only b e applied in p ositiv e con texts, this

rule has a coun terpart for negativ e con texts (lik e erasure and insertion or lik e

generalization and sp ecialization). All other rules apply b oth to p ositiv e and

negativ e con texts.

The �rst �v e rules are sound and complete concerning the classical prop osi-

tional calculus. If all v ertices and edges w ould b e understo o d as logically inde-

p enden t prop ositional v ariables, these rules w ould b e enough. The rules `gener-

alization', `sp ecialization' and ` > -rule' encompass the orders on the concept and

relation names. Note that > is not only the greatest elemen t of all concepts: The

seman tics for > implies that ev ery ob ject b elongs to the extension of the concept

> . Th us the generalization rule do es not encompass all prop erties of the concept

> , and the > -rule is necessary . The same is true for the relation id . In fact it

is a congruence relation b y de�nition. This is encompassed b y the id -rules. The

sp ecialization rule can b e deriv ed from the other rules, but it is added to k eep

the calculus symmetric. The rules `merging t w o v ertices' and `rev erse merging of

t w o v ertices' deal with the fact that one ob ject ma y b e the reference for di�eren t

v ertices. With these rules it is p ossible to transform ev ery concept graph in to an

equiv alen t graph in whic h no cut in tersects a relation line. More precisely:

De�nition 11. A c onc ept gr aph is c al le d free of in tersections , if it ful�l ls the

fol lowing c ondition: 8 e 2 E 8 v 2 V : v 2 V

e

= ) cut ( v ) = cut ( e )

It follo ws from the rules `merging t w o v ertices' and `rev erse merging of t w o v er-

tices' that ev ery concept graph is equiv alen t to a graph free of in tersections. And

these graphs are easy to read: They ha v e a form whic h is closely related to the

existen tial graphs without lines of iden tit y , and the soundness and completeness

of the �rst �v e rules concerning existen tial graphs can b e applied no w. This leads

to the follo wing essen tial theorem:

Theorem 1 (soundness and completeness of the calculus).

Two nonexistential, simple c onc ept gr aph G

1

, G

2

with cuts over A satisfy

G

1

` G

2

( ) G

1

j = G

2

5 F uture W ork

Ho w to pro cede with this w ork is clear. First the approac h has to b e extended

to include graphs with generic mark ers. The � -op erator for these graphs has to

b e elab orated and it has to b e pro v en that simple concept graphs with negation

o v als and iden tit y are equiv alen t to �rst order logic. In part, this has already

b een done (e.g. [BMT98 ]). Afterw ards, the approac h should b e extended to the

nested case. It seems reasonable that nested graphs are equiv alen t to a certain

class of form ulas of mo dal logic in suc h a w a y that nestings will b e in terpreted as

di�eren t p ossible w orlds, whic h are connected b y the structure of the nestings.

And again, a seman tics and a sound and complete calculus ha v e to b e dev elop ed.
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